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Summary
This thesis investigates helical flow for generalized Newtonian yield stress fluids in the
region between two infinitely long concentric coaxial cylinders. Such a flow may arise either
by superimposing an axial flow driven by applying an axial pressure gradient on an existing
transverse rotational flow, generated by the rotation of the inner cylinder, or by superimpos-
ing such an annular flow on an existing pressure driven axial flow. Either may be viewed as
the simplest truly three dimensional flow field, and each is relevant to studies of fluid flows
involved in many physical and industrial applications. Further, since yield stress fluids have
the property that they behave as a solid below the yield stress value and flow as a fluid when
the local stress exceeds this value, solid and fluid regions, separated by yield boundaries, are
considered to occur within the intercylindrical gap.
Three yield stress fluid models are considered in this thesis, namely the Bingham, Casson
and Robertson–Stiff fluid models, each of which displays differing characteristics and occurs
in differing contexts. For each of these, the flow problem for each of the two types of the
helical flow described above cannot be solved analytically and numerical solution techniques
must be employed. However, this thesis will show that in each case, a small parameter may
be identified in the flow problem, so that a perturbation method based on that parameter
can be used, leading to approximate analytical solutions to the flow problem. These will also
be shown to display very good agreement with numerical solutions.
Chapter 1 presents an overview of fluids, including generalized Newtonian fluids and,
yield stress fluids. Then follows a review of the literature relevant to generalized Newtonian
fluids, with and without yield stress and their flows. This review focuses on four aspects
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of these fluids and flows – yield stress fluid in application, using helical flow in rheometers,
unidirectional flows as well as helical flow of non-Newtonian fluid with and without yield
stress properties.
Chapter 2 introduces the equations of motion for incompressible fluids in general form
and the general constitutive equation for the generalized Newtonian fluids. Attention is then
given to a discussion of the constitutive equations and the properties of Bingham, Casson
and Robertson-Stiff fluid models, including comparison between them.
In Chapter 3 the equations of motion, presented in Chapter 2, are expressed in cylindrical
polar coordinates. These are used to obtain equations of motion for the helical flow of a
generalized Newtonian fluid between two concentric cylinders. For the case where the fluid is
a yield stress fluid, two distinct helical flow scenarios are discussed, namely, helical flow with
a core attached to the outer cylinder and helical flow with a floating core detached from both
cylinders and the features of the two types of flow are discussed. For these two helical flow
scenarios, two distinct nondimensional forms of the equations of motion are derived; and, in
each case, a small parameter is identified. This sets up the flow problem in each case as a
perturbation problem in terms of these small parameters.
Chapter 4 gives the analysis of the helical flow problem for a Newtonian fluid in both
the nondimensional forms of Chapter 3. Note that this analysis has long been known in the
literature and the helical flow problem can be solved exactly for both the scenarios above.
It is included here in the notation of this thesis and provides a good cross-check on the
perturbation solution to be obtained in the following Chapters, since the yield stress models
considered there can be reduced to Newtonian model by selecting appropriate parameter
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values.
Chapter 5 solves the helical flow problem for Bingham fluid approximately using a per-
turbation method for both the cases above - the attached core and floating core scenarios.
This introduces the pattern for the perturbation analysis of the later Chapters. Analytical
approximate solutions are obtained for both problems using the perturbation approach and
also numerical solution are constructed and compared with these analytical approximations.
Expressions for the fluid flow properties are also obtained in general form using the pertur-
bation expansions. The axial velocity profiles for the floating core case for the Newtonian
and Bingham fluids are compared and contrasted. In particular, this shows that when the
yield stress the Bingham fluid reduces, the velocity profiles tend to behave like those of a
Newtonian fluid.
Chapter 6 follows the pattern of Chapter 5, with perturbation solutions of the two helical
flow problems for the Casson fluid (with attached and floating cores) being obtained. The
analytical approximations using the perturbation method and the numerical solutions are
obtained and the agreement between the two methods is found to be very good. Furthermore,
the velocity profiles for the Casson fluid based on these approximations are compared with
those of the Bingham fluid.
Chapter 7 analyzes the two types of helical flow for a Robertson–Stiff model. The analyt-
ical and numerical approximations are obtained and compared. These solutions are able to
describe the shear thinning, shear thickening and Bingham fluid via changing the flow index
value, a characteristic parameter of the Robertson–Stiff model. General expressions for the
fluid flow properties are obtained to give information about the fluid behaviour within the
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intercylindrical gap. In addition, the shear thinning and thickening properties of this fluid
are shown to be consistent with the perturbation solutions obtained.
Chapter 8 closes with a brief Conclusion and considerations of possible future work in
this area.
Material from this thesis has been published:
• F. M. Alharbi, J. J. Shepherd, and A. J. Stacey. Transition of a partially yielded Casson
fluid from circular to helical flow. ANZIAM Journal, 56:296–311, 2016.
• F. M. Alharbi, J. J. Shepherd, and A. J. Stacey. Transition from annular flow to helical
flow of a Robertson–Stiff fluid. ANZIAM Journal (under review).
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Chapter 1
Introduction
1.1 Overview
Fluids are everywhere. Three quarters of the earth’s surface is covered by water, while it
is completely surrounded by air, two fluids of fundamental importance in our lives. These
two fluids are also examples of Newtonian fluids, that is, fluids that have the property that
the stress (shear stress) arising from deformation is proportional to the rate at which the
fluid deforms (the rate of shearing), with the constant of proportionality being the fluid’s
viscosity, which may depend on various fluid variables (e.g., temperature), but not on the rate
of shearing itself. Thus, studying Newtonian fluids is directly related to an understanding
of such fundamental phenomena as the passage of a ship through water or the flight of an
aeroplane through the air.
There are, however, other fluids that do not meet the Newtonian criterion and hence
are referred to as non–Newtonian fluids. In many non–Newtonian fluids, the viscosity is no
longer constant and can change as the rate of shearing changes. Other non–Newtonian fluids
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also display other features, such as elastic properties and memory of a past state. In fact,
most fluids in nature are non–Newtonian.
A smaller subset of the non–Newtonian fluids, termed generalized Newtonian fluids are
constructed by replacing the constant viscosity of the Newtonian model with a viscosity
which is a function of the rate of shearing alone. While many generalized Newtonian fluids
flow for even the smallest application of shear stress, some do not, needing a minimum shear
stress to flow and reverting to a solid state when the shear stress falls below a specified value,
the yield stress. Thus generalized Newtonian fluids can be further divided into two groups –
yield stress generalized Newtonian fluids and non–yield stress generalized Newtonian fluids.
One example of a yield stress fluid is tomato sauce. This sauce does not flow on just tipping
up the bottle. It often needs a thump (an increased shear stress) to induce flow in the sauce.
Another is household paint, particularly acrylic wall paint. The roller (or brushing) action
raises the stress above the yield value and the paint flows, while removing or stopping the
roller reduces the stress below yield and the paint solidifies and sticks to the wall.
It is this subset of yield stress generalized Newtonian fluids which will be considered in
this thesis. As noted above, such fluids have the property that they remain solid until the
local stress in their structure reaches a certain yield value, after which they flow. In the
simplest example of such a fluid, the Bingham fluid, the flow, when it occurs, is Newtonian;
i.e., the stress–rate of shearing relationship is linear. Other fluids, such as the Robertson–Stiff
and Casson fluids, feature more complex stress–rate of shearing relationships upon yielding.
When the stress falls below the yield value, such fluids revert to a solid, and the flow stops.
Thus, in a general flow of such a fluid, since the local stress may vary from point to point,
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this flow may incorporate regions of solid material, together with regions of flowing fluid,
separated by yield boundaries.
Non–Newtonian fluids with the yield stress property are regularly encountered in medi-
cal, engineering as well as other physical applications. As noted above, one of the simplest
models of the generalized Newtonian yield stress fluids is the Bingham fluid, which is often
used in describing the flow of food substances such as greases, margarine, mayonnaise and
tomato sauce as well as in hygiene applications such as toothpaste. Many biological mate-
rials, particularly blood, are well described by the Casson fluid model, which has also been
successfully used in other situations such as food processing – for example, the behaviour of
yoghurt, and chocolate. Other generalized rheological models of non–Newtonian fluids, such
as the Robertson–Stiff model, shows a yield stress property, but also displays the properties
of shear–thinning (the viscosity or stickiness of the fluid decreases with increasing shear rate)
and shear–thickening (viscosity increases with shear rate). This model is regularly used to
describe the behaviour of drilling fluid and cement slurries.
In order to better understand these fluids, unidirectional rheometers are used to measure
the fluid materials properties. However, there are sometimes difficulties in carrying out
measurements of the fluid properties because of settling of solid particles in the fluid under
gravity. To counteract this, some rheometers generate a recirculating helical flow between two
concentric cylinders, mixing the fluid with the solids, and thus not allowing the solid particles
to settle under gravity, minimizing this difficulty. Some examples of these rheometers are the
recirculating rotational and modified Couette rheometers.
What is significant for the work of this thesis is that recirculating rotational rheometers
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as described above generate their mixing fluid flow as a helical flow between concentric
cylinders. Helical flow is important in other applications such as in a drilling rig, where the
drill is rotating in the drill hole and sludge is pumped up between the drill and the sides of
the hole. A tractable mathematical model of such flows considers the helical flow between
two infinitely long concentric cylinders. This is the flow geometry to be considered in this
thesis.
Helical flows as described above can be generated in a variety of ways. For example,
rotation of the outer cylinder and the translation along its axis of the inner cylinder will
do this. However, in this thesis, helical flow will be considered as consisting of an axial
component produced by an axial pressure gradient and a rotational component produced
by rotation of the inner cylinder. Such a flow may be viewed as the simplest truly three
dimensional flow field.
The non–linear nature of the systems of equations governing these flows, however, makes it
all but impossible to find exact solutions to flow problems and numerical solution procedures
in general must be resorted to. However, it is possible, if a small parameter can be found,
to apply a perturbation approach based on that small parameter to the problem to obtain
analytical approximate solutions. The main advantage is that they provide good analytical
approximate solutions, for a range of flows that satisfy the small parameter constraint. They
also allow general statements about the fluids behaviour which is not possible in the case of
numerical solutions.
An important consideration when applying the perturbation method is that of identifying
a small parameter. It is essential that the small parameter is small for any choice of units
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that may be used in the governing equations. For this reason, the governing equations must
first be rendered nondimentional. An additional benefit of this process is a reduction in the
number of parameters needed to define the problem.
In summary, the original contributions presented in this thesis consists in the approximate
analytical solutions of the helical flow between concentric cylinders, where the flows are two
phase, having solid and flowing regions, and the understanding of the flows that this brings.
1.2 Literature Review
This section presents a review of the literature relevant to generalized Newtonian fluids with
yield stress and their flow. As mentioned in Section 1.1, yield stress fluids behave like solids
below a minimum yield stress value, but above this the solid yields to flow as a (generally,
non-Newtonian) fluid – see Chhabra and Richarson [16, Sec. 1.2], Coussot [23] and Denn and
Bonn [26]. In the simplest example of such fluids, the Bingham fluid [8], the flow beyond the
yield stress value has a linear stress–rate of shearing relationship – see for example, Bird et
al. [10, Ch. 8] and Morrison [48, Ch. 7]. In other fluids, such as Casson and Robertson–Stiff
fluids, a more complicated nonlinear stress–rate of shearing relationship exists – see Peker et
al. [51, Sec. 2.2], Bird et al. [9, Ch. 4] or Tanner [65, Ch. 1].
Yield stress fluids are found in many areas, including medical, engineering and other
areas of physical application [3, 11]. The Bingham model is often selected by experimentalists
because of its simplicity and its ability to describe the behaviour of yield stress fluids occurring
in many industrial applications, such as oil paints and sludges – see Tanner [65, Sec. 1.5].
This model has been used to describe the behaviour of a wide variety of materials, such as
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tomato paste [1], greases [14], margarine [68] and in hygiene applications such as toothpaste
[6].
Two sets of experimental data for materials having yield stress are exhibited here as an
indication of typical flow parameters values.
Materials
Ketchup Mustard Oleomargarine Mayonnaise
H0(Pa S) 0.08 0.25 0.72 0.63
T0 (Pa) 14 38 51 85
Table 1.1: Flow parameters values of variety of materials.
Concentration
25 13.36 9.11 6.92 5.57
H0(Pa S) 0.929 0.111 0.048 0.018 0.016
T0 (Pa) 103.1 13.8 7.6 3.2 2.3
Table 1.2: Bingham associated parameters values for tomato paste.
Table 1.1 displays the data of viscosity H0 and yield stress T0 for variety of substances
[45]. The materials have been tested in constant temperature of 30oC. In addition, Table 1.2
shows a range of values of flow parameters for tomato paste as the material concentration
changes at a temperature of 25oC [1].
The Casson viscosity model [13] is used to describe the shear stress and rate of shearing
behaviour for variety of applications in health and industry, such as the behaviour of the
blood flow and chocolate flow – see [9, Sec. 5.5] and, Singh and Heldman [62, Ch. 2]. Many
biological problems, such as blood flow in narrow arteries and industrial problems such as
the flow of printing inks, are well modelled as a Casson fluid – see Venkatesan et al. [66],
Porwal et al. [52] and Rao [54, Ch.2]. In addition, this model has also been successfully
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used in modelling other materials such as gypsum plaster pastes (Papo [50]) and bentonite
clays (Speers et sl. [64]) as well as in foodstuffs such as yoghurt, chocolate and many other
material – see Chhabra and Richardson [15, Sec. 1.3] and Afoakwa [2, Sec. 3.8].
Shear Rate Range K(s−1)
26− 1198 53− 1198 106− 1198 26− 599
H0(Pa S) 49.8 51.1 52.1 49.3
T0 (Pa) 0.0251 0.0238 0.0230 0.0262
Table 1.3: Flow parameters values for gypsum plaster paste.
Table 1.3 shows typical values of the viscosity H0 and the yield stress T0 for gypsum
plaster pastes. This material has been examined at a constant temperature of 25oC using
viscosity rheometer. Through testing the gypsum plaster paste, it has been found that the
Casson model is the most appropriate model for modeling flow of this material [50].
The Robertson–Stiff fluid model [56] has the ability to display both shear–thinning and
shear–thickening behaviour, and is used to describe the behaviour of drilling fluids. For
instance, mud slurries [41], bentonite [42, 40] and cement slurries [67].
An experimental study for clay-water drilling fluids has been given by Okafor and Evers
[49]. The authors concluded that the Robertson-Stiff model is the most appropriate to
describe the behaviour of this fluid, compared to power–law and Bingham plastic model. In
addition, bentonite rheology has been tested by Kok [42]. The Robertson–Stiff model gives
a good fit to bentonite for a range of concentrations as displayed in Table 1.4.
The properties of yield stress fluids are measured using a range of rheometers. One of
these, the continuous flow rheometer [4], modifies rotational rheometer by the addition of an
axial flow [7, 19, 59]. The main feature of these instruments is to prevent the settling of the
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Concentrations (gr/ml)
20.0 22.5 24.0 26.0 28.0 30.0
H0(Pa S) 0.10 0.40 0.90 3.80 10.00 27.60
T0 (Pa) 0.72 0.66 0.60 0.52 0.34 0.20
n 1.60 0.82 0.60 0.26 0.18 0.10
Table 1.4: Robertson–Stiff model parameters of bentonite sample, where the constants H0, T0
and n are the viscosity, yield stress and flow index, respectively.
solid particles under gravity during the measurement. Kawatra et al. [38, 39] have carried
out two experimental studies using a vibrating sphere viscometer and a rotational viscometer
in order to measure fluid viscosity. They pointed out that the rotational viscometer at low
rate of shearing failed to measure the slurry viscosity because the solid particles settle rapidly
under gravity before a steady reading is shown, while the vibrating sphere viscometer could
work to measure it at low rate of shearing. Akroyd and Nguuyen [5] found that there are
difficulties in using traditional viscometer devices, such as a rotational viscometer [47] and an
on-line capillary rheometer [24], to obtain accurate measurements for the properties of settling
slurries for the same reason. Consequently, they deduced that designing rheometers based
on the principle of the helical flow is required. In addition, Gustatsson et al. [34] confirmed
that one of the advantages of helical flow rheometer is to reduce the settling problems within
the intercylindrical gap from which accurate measurements of the fluid properties either at
high or low rates of shearing can be obtained.
When the fluid stress falls below the yield value, yield stress fluids revert to a solid state,
and the flow stops. Thus, in a general flow of such a fluid, the flow may incorporate solid
regions, or cores, together with fluid regions. When such a fluid is contained in the region
between two infinitely long coaxial cylinders, where the inner cylinder rotates with a constant
8
angular velocity, while the outer is stationary, the flow region may, under suitable conditions,
comprise an inner rotating fluid core, together with a solid stationary outer region [9, Ch.
5]. Other solid–fluid combinations are possible. For example, when a sufficiently large axial
pressure gradient is applied, an axial flow containing a floating core may occur. Fredrickson
and Bird [32], have examined an axial flow of the Bingham fluid between concentric cylinders
with an internal floating core of solid material by assuming the associated fluid properties are
the same in the inner and the outer fluid region. Following the calculation of [32], Gucuyener
and Mehmetolu [33] obtained an analytical expression for the flow rate for the axial laminar
flow of a Robertson-Stiff fluid between concentric cylinders and provided numerical examples
for a drilling fluid to show their theory could be easily used in practical applications. Fur-
thermore, the velocity profile for Casson, Herschel–Bulkley and Robertson–Stiff rheological
models, in the same geometry and conditions to that of [33], have been studied by Shul’Man
[61], Hanks [35] and Fordham et. al. [30], respectively. None of these flows however included
both an axial flow as well as a rotational flow to produce a helical flow.
An axial and laminar Couette–Poiseuille flow of a Robertson–Stiff fluid between infinitely
long concentric cylinders was analyzed by Filip and David [29]. They consider a fluid flow
arising from translating the inner cylinder along its axis as well as imposing an axial pressure
gradient. The analytical solutions, with all possible cases for the location of the plug region,
are obtained but left in integral form. Liu and Zhu [46] extended the Filip and David analysis
and conclude that there are two types of flow which have been missed. They shown eight
different forms for the velocity profile for the Bingham fluid.
The helical flow of a Newtonian fluid is well understood, for example Langlois [44, Sec.4.9],
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Slattery [63, Ch.3] and Huilgol [37] have integrated the equations of motion to find exact
solutions for the velocity fields in different physical circumstances. On the other hand, for the
helical flow of non–Newtonian fluids, with non–linear constitutive equations (see for example
Rivlin [55]), it is almost impossible to find exact analytical solutions and numerical solution
must be found. Coleman and Noll [21] give a general solution for this type of problem but
their analysis converts a non–linear boundary value problem to a non–linear algebraic one,
leaving the details of both unresolved. Subsequent analysis of such problems (for instance
that of Coleman and Noll [22] and Fredrickson [31]) has failed to obtain a solution in general
form for the helical flow of non–Newtonian fluid, except for numerical solutions and exact
solutions in very special cases as given by Dierckes and Schowalter [27] and Bird et.al, [9,
Sec. 5.2], respectively. In addition, the helical flow of Bingham fluid between two concentric
coaxial cylinders has been considered analytically by Rao [53]. In his analysis, this flow
is generated by rotating one of the cylinders while translation it along cylinder axis. The
solutions however are no more explicit than those found by Coleman and Noll [21].
However, in certain helical flow regimes of non–Newtonian fluids, a small parameter may
be identified in the equations of motion, so that analytical approximations for the flow field
can be obtained using a perturbation method. This method has been previously used to study
helical flows of non–Newtonian fluids. For example, helical flow of power–law fluid between
two concentric cylinders has been considered by Bhattacharya et. al.[7]. In their calculation,
they used the small axial flow as a perturbation parameter and showed very good agreement
between the experimental measurement of shear stress and that of the theoretical prediction.
Moreover, the helical flow of Carreau model fluid was investigated by Chiera [17] using this
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method. His calculations were based on a small axial flow and a small intercylindrical gap as
a perturbation parameters for a completely yielded fluid, obtaining approximate analytical
expressions for the velocity field. Similar calculations have been published for Powell-Eyring
fluid and Sisko fluid by Farrugia et. al. [28] and Chiera and Shepherd [18], respectively.
For yield stress fluids, the helical flow of Casson, Bingham and Herschel–Bulkley fluids
have been obtained for the case of a small gap between concentric cylinders using the pertur-
bation method, Chiera et. al. [19] and Shepherd et. al. [57, 58], respectively. It should be
noted however that they only considered a fully yielded fluid. Further, helical flow problems
of Casson’s rheological model have been studied by Chiera et. al. [20]. In this case the
authors employed a perturbation method and use the volume of flow rate as a perturbation
parameter but again only fully yielded flow was considered. Recently, the helical flow of
Bingham fluid with yielded and unyielded regions has been investigated by Shepherd et. al.
[60]. In their analysis, the volume flow rate is assumed to be the perturbation parameter.
The work presented in this thesis differs from other published work. It considers the
helical flow between two concentric cylinders, with arbitrary gap width, and a two phase
flow, and finds good analytical approximations. So, although a deal of work has been carried
out on individual aspects of these types of flows, almost none of these give approximate
analytical solutions to this type of two phase flow.
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Chapter 2
Equations of motion
In this chapter, the conservation of mass and momentum equations for incompressible fluid
are introduced to derive Navier-Stokes equations for an incompressible Newtonian fluid.
Then, these equations of motion are extended in order to describe a generalized Newtonian
fluid. Three models of generalized Newtonian fluids to be considered in the following chapters
are presented, namely Bingham, Casson and Robertson–Stiff models.
2.1 Conservation of mass
The mass conservation principle for a fluid says when a body of fluid flows, its mass will
remain constant but its size and shape may change. The mathematical equation which
describes this principle is given locally by
Dρ
Dt
+ ρ∇ · u = 0, (2.1)
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where ρ is the fluid density, u is the fluid velocity and DDt ≡ ∂∂t + u · ∇ is the Lagrangian or
convective derivative. This equation of mass conservation (2.1) is known as the continuity
equation.
For an incompressible fluid, DρDt = 0 – see for example Currie [25, Sec. 1.6] and Yamaguchi
[69, Sec. 2.1] – and the mass conservation law (2.1) becomes
∇ · u = 0. (2.2)
This principle provides a constraint on the components of velocity at each point in the
fluid.
2.2 Conservation of momentum
The conservation of momentum equation is derived from Newton’s second law of motion and
says that the rate of change of momentum for a mass of fluid is equal to the net external force
which acts on the mass of fluid, see [25, Sec. 1.7] and [69, Sec. 2.2]. The external forces that
act on the fluid are surface forces, such as fluid pressure and viscous stresses, and body forces
such as gravity. The equations of conservation of momentum are expressed mathematically
as
ρ
Du
Dt
= ρg +∇ ·Σ, (2.3)
where g is the body force and Σ is the stress tensor.
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Equations (2.3) are sometimes called Cauchy’s equations of motion. The stress tensor Σ
may be split into two parts; the first one is an isotropic second order tensor due to fluid
pressure, which exists even when the fluid is at rest, while the second, the viscous stress
tensor, relates to the fluid motion – see [25, Sec. 1.11] and [69, Ch. 6]. This is written
mathematically as
Σ = −pI + T , (2.4)
where p is the scalar fluid pressure, T is the viscous stress tensor, often called the deviatoric
stress tensor, and I is the identity.
For a Newtonian fluid, the viscous stress tensor is linearly proportional to the velocity
gradient tensor with its viscosity being the constant of proportionality. So, T is written as
T = γI (trE) + 2HE, (2.5)
where γ and H are the coefficients of viscosity and E is the velocity gradient tensor, which
is defined by
E =
1
2
(
∇u+ (∇u)T
)
. (2.6)
When the fluid is incompressible,
trE = ∇ · u = 0, (2.7)
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so that (2.5) reduces to
T = 2HE. (2.8)
Note that for the Newtonian fluid, the viscosity H may depend on the temperature and other
properties of the material medium, but not on E. These relationships when applied to (2.3)
lead to the Navier–Stokes equations for an incompressible viscous fluid.
2.3 The Navier-Stokes equations
The Navier–Stokes equations for an incompressible fluid arise from the combination of Cauchy’s
equations of motion (2.3) and the stress tensor for the Newtonian fluid (2.4). These equations
can be expressed as
ρ
Du
Dt
= ρg −∇p+H∇2u, (2.9)
∇ · u = 0. (2.10)
2.3.1 The generalized Newtonian fluid
The Navier Stokes equations, given in (2.9) and (2.10) govern the motion of a Newtonian fluid
where the viscosity H is independent of E. However, in many fluids, the viscosity H may
depend on E, so the equations of motion (2.9) must be generalized by assuming dependence
of H on E – see Bird et al. [9, Ch. 5].
Since the viscosity H is a scalar, its values are expected to be independent of rotation of
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the axes, so it can only depend on the scalar invariants of E [9], which are
IE = trE, (2.11)
IIE =
1
2
(
(trE)2 −E : ET
)
, (2.12)
IIIE = det E. (2.13)
where E : ET ≥ 0 is a double contraction of E.
For an incompressible fluid, IE = 0. Further, for a large class of fluid flows (shearing
flows), IIIE = 0. We only consider flows in this class in what follows. Therefore, for these
incompressible shearing flows, H depends only on IIE , reducing (2.12) to
IIE = −1
2
E : E, (2.14)
where we have used the fact that ET = E.
Note that (2.14) can be written as
IIE = −K2, (2.15)
where the local rate of shearing, K, is defined by
K =
√
1
2
(E : E). (2.16)
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Hence the viscosity H could be written as a positive function of K,
H = H(K). (2.17)
This equation, which depends on the local rate of shearing K, generalizes the Newtonian
viscosity [9]. With this, the deviatoric stress tensor T becomes
T = 2H(K)E. (2.18)
The function H(K) is termed the apparent viscosity and is a measure of the ratio of shear
stress to rate of shearing.
The incompressible generalized Newtonian fluid is thus an extension of the incompressible
Newtonian fluid. Applying (2.18) and (2.4) to (2.3) gives
ρ
Du
Dt
= ρg −∇p+H(K)∇2u+∇H(K) · 2E, (2.19)
∇ · u = 0, (2.20)
where K is as given by (2.16) and we have used the fact that ∇ · 2E = ∇2u.
Note that H in (2.9) cannot be simply replaced by H(K) to get the equations of motion
for a generalized Newtonian Fluid.
Alternatively, (2.19) could be expressed in terms of the viscous stress tensor T , so the
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equations become
ρ
Du
Dt
= ρg −∇p+∇ · T . (2.21)
∇ · u = 0. (2.22)
2.4 Generalized Newtonian fluid models
Many fluids are described by generalized Newtonian models. The models which will be
investigated here are called yield stress fluids. Such fluids have the property that they
remain effectively solid until the local stress in their structure reaches a certain yield value,
after which they flow as a non-Newtonian fluid. In the following study, three particular fluid
models are selected as being representative of yield stress fluids. They are as follows.
The Bingham model [8] represents a yield stress fluid with a linear relationship between
the shear stress and rate of shearing. In a sense, this model behaves as a Newtonian fluid
for stresses beyond the yield stress value - see Figure 2.1. The Bingham model has apparent
viscosity
H (K) = H0 +
T0
K
for K > 0, (2.23)
where T0 and H0 are positive constants, being the yield stress and dynamic viscosity, re-
spectively. Note that setting T0 = 0 reduces the Bingham fluid to a Newtonian fluid with a
constant viscosity H0.
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From (2.23), the Bingham model may be rewritten in terms of shear stress T (K) as
T (K) = KH0 + T0 for T > T0. (2.24)
Clearly, it can be seen that as K → 0, T (K) → T0. Thus, the parameter T0 is the
minimum stress beyond which the fluid will yield, or flow – see Figure 2.1.
Figure 2.1: Shear stress T versus rate of shearing K of the Bingham fluid is compared with
the Newtonian fluid, where H0 is the constant viscosity, while T0 is the yield stress of the
Bingham fluid. Note that, the slope of the curve gives information about the viscosity, so
both of the fluids have the same constant dynamic viscosity.
The Casson model [13] is a yield stress fluid model, in which the rate of shearing, experi-
enced by the fluid, has a nonlinear relationship with the shear stress. This model displays the
behaviour of a shear thinning fluid (the viscosity decreases as the rate of shearing increase)
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– see Figure 2.2. The Casson model has apparent viscosity
H(K) =
(√
T0
K
+
√
H0
)2
for K > 0, (2.25)
where T0 and H0 are (as above) constant yield stress and dynamic viscosity, respectively.
Note that as K → ∞, that is for large rates of shearing, the apparent viscosity approaches
H0. Again, setting T0 = 0 reduces the Casson model to the Newtonian fluid model.
Rearranging (2.25) gives the Casson model in terms of shear stress T (K) as
T (K) = KH0 + T0 + 2
√
T0H0K for T > T0. (2.26)
As in the Bingham fluid model, the parameter T0 gives the stress at which the fluid yields
– see Figure 2.2.
From (2.24) and (2.26), it can be easily seen that the Bingham description combines the
component of yield stress and the Newtonian viscosity model, whereas the Casson constitutive
equation has an additional nonlinear component. This component allows the Casson model
to describe the behaviour of the fluid motion which is much closer to Herschel-Bulkley and
Robertson-Stiff models (see Tanner [65, Sec. 1.5] and Kurdowski [43, Sec. 5.1]), exhibiting
both yield stress and shear thinning properties as shown in Figure 2.2.
The Robertson–Stiff fluid model [56], which is a generalized non-Newtonian fluid model,
has a complicated nonlinear stress-rate of shearing relationship, which gives it both shear–
thinning and shear–thickening behaviour, depending on the value of a parameter, n. Shear
thickening means the effective viscosity increases with increased rate of shearing – see Figure
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2.3. The apparent viscosity of the Robertson–Stiff model is
H(K) =
(
H
1
n
0 K
n−1
n +
(
T0
K
) 1
n
)n
for K > 0, (2.27)
where H0, T0 and n are the constant viscosity, yield stress and flow index parameter, re-
spectively. These three parameters characterize the nonlinear relationship between the shear
stress and the rate of shearing. The flow index n, which is a dimensionless parameter, deter-
mines the properties of the model fluid, n = 1 gives the Bingham model fluid, n < 1 gives a
shear thinning fluid while n > 1 gives a shear thickening fluid – see Figure 2.3.
The Robertson–Stiff model may be rewritten in terms the shear stress T (K) as
T (K) =
(
H
1
n
0 K + T
1
n
0
)n
for T > T0. (2.28)
When T < T0, the fluid behaves as a solid. Again, it can be seen that T0 is the minimum
stress needed for the fluid to yield, as shown in Figure 2.3. Note that for K →∞, T (K)→
H0K
n; that is, for large K, the Robertson–Stiff fluid behaves like a power law fluid [9, Ch.
5].
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Figure 2.2: Shear stress T versus rate of shearing K of the Casson fluid is compared with the
Bingham fluid, where H0 is the Bingham viscosity. This shows that T0 is the yield stress.
Note that, the slope of the curve gives information about the viscosity, so the Bingham fluid
has a constant viscosity whereas the Casson model has a nonconstant viscosity which can
represent a shear thinning fluid.
Figure 2.3: Shear stress T versus rate of shearing K of the Robertson–Stiff fluid is compared
with the Bingham fluid, where H0 is the Bingham viscosity. This shows that T0 gives the yield
stress. Note that, the slope of the curve gives information about the viscosity. The Bingham
fluid has a constant viscosity whereas the Robertson–Stiff fluid has a nonconstant viscosity.
The Robertson–Stiff model can represent both a shear thinning and a shear thickening fluid.
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Chapter 3
General equations for helical flow
In this chapter, general equations for the steady helical flow of incompressible generalized
Newtonian fluids with a yield stress between two concentric coaxial cylinders are obtained.
Boundary conditions and flow constraints relevant to these equations are defined. These
equations are then recast in dimensionless form, using appropriate dimensionless variables.
3.1 Equations of motion in cylindrical polar coordinates
In Section 2.3, the equations of motion that describe the behaviour of an incompressible
generalized Newtonian fluid are written in coordinate free form. Since all of the problems
considered in the remainder of this thesis examine are about flows between concentric coaxial
cylinders, we choose to work in cylindrical polar coordinates (r, θ, z) – see Figure 3.1. In
addition, only steady flows are considered, that is the velocity of the fluid is independent of
time. Finally, only flows of generalized Newtonian fluids, as introduced in Section 2.3.1, are
considered.
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Figure 3.1: Concentric coaxial cylinders in cylindrical polar coordinates (r, θ, z), where z-axis
is vertically down.
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In such coordinates and using velocity vector u = (ur, uθ, uz) , the equations of motion
(2.21) and (2.22) become
ρ
(
ur
∂ur
∂r
+
uθ
r
∂ur
∂θ
− u
2
θ
r
+ uz
∂ur
∂z
)
= ρgr − ∂p
∂r
+
[
1
r
∂
∂r
(rτrr) +
1
r
∂
∂θ
τθr +
∂
∂z
τzr − τθθ
r
]
, (3.1)
ρ
(
ur
∂uθ
∂r
+
uθ
r
∂uθ
∂θ
+
uruθ
r
+ uz
∂uθ
∂z
)
= ρgθ − 1
r
∂p
∂θ
+
[
1
r2
∂
∂r
(
r2τrθ
)
+
1
r
∂
∂θ
τθθ +
∂
∂z
τzθ +
τθr − τrθ
r
]
, (3.2)
ρ
(
ur
∂uz
∂r
+
uθ
r
∂uz
∂θ
+ uz
∂uz
∂z
)
= ρgz − ∂p
∂z
+
[
1
r
∂
∂r
(rτrz) +
1
r
∂
∂θ
τθz +
∂
∂z
τzz
]
, (3.3)
1
r
∂
∂r
(rur) +
1
r
∂uθ
∂θ
+
∂uz
∂z
= 0, (3.4)
where τkl (in which k and l represent r, θ or z) are viscous stress tensor components in
cylindrical polars.
For generalized Newtonian fluids, the shear stress tensor components are written in terms
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of the velocity gradients as
τrr = 2Herr = 2H
∂ur
∂r
, (3.5)
τθθ = 2Heθθ = 2H
(
1
r
∂uθ
∂θ
+
ur
r
)
, (3.6)
τzz = 2Hezz = 2H
∂uz
∂z
, (3.7)
τrθ = τθr = 2Herθ = H
(
r
∂
∂r
(uθ
r
)
+
1
r
∂ur
∂θ
)
, (3.8)
τθz = τzθ = 2Hezθ = H
(
1
r
∂uz
∂θ
+
∂uθ
∂z
)
, (3.9)
τzr = τrz = 2Herz = H
(
∂ur
∂z
+
∂uz
∂r
)
, (3.10)
where ekl (in which k and l represent r, θ or z) are velocity gradient tensor components in
cylindrical polars, and H = H(K) is the apparent viscosity (Section 2.3.1), with K the local
rate of shearing, as in (2.16).
3.2 Helical flow equations
Here, the steady helical flow of an incompressible fluid in the gap between infinitely long
concentric coaxial cylinders is considered. Such a helical flow is produced by combining axial
and rotational flow components, where the axial flow is assumed directly down. The region
between the two cylinders, in polar coordinates (r, θ, z), is defined by Ri ≤ r ≤ Ro, 0 ≤ θ ≤ 2pi
and −∞ < z <∞, where Ri and Ro are the radii of the inner and outer cylinders respectively.
Assuming gravity is the only body force acting in (3.1), (3.2) and (3.3) and the positive
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z-axis is directly down,
gr = gθ = 0, gz = g > 0. (3.11)
It must be pointed out that the steady flow in the intercylindrical gap has a number of
symmetries, it is invariant under translations along the z-axis and invariant under rotations
about the z-axis. Consequently, ur, uθ and uz are functions of r only. In view of this the
velocity field can be written in the form
(ur, uθ, uz) = (U (r) , rW (r) , V (r)) , (3.12)
where U (r) ,W (r) and V (r) are unknown functions. Applying (3.12) to (3.4) shows that
(rU (r))′ = 0, so that rU (r) is an arbitrary constant. In addition, the radial velocity com-
ponent must vanish at a solid boundary. This leads to U (r) ≡ 0, so that the velocity field
(3.12) becomes
(ur, uθ, uz) = (0, rW (r) , V (r)) , (3.13)
for unknown functions W (r), V (r).
In terms of the velocity field (3.13), the velocity gradient tensor components, (3.5) to
(3.10), become
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err = 0, eθθ = 0, ezz = 0, ezθ = 0, (3.14)
erθ =
1
2
rW ′(r), (3.15)
erz =
1
2
V ′(r), (3.16)
while the corresponding stress tensor components are given by
τrr = 0, τθθ = 0, τzz = 0, τθz = 0, (3.17)
τrθ = HrW
′(r), (3.18)
τrz = HV
′(r). (3.19)
In terms of V (r) and W (r), the local rate of shearing K is given by
K =
√
2 (erθ)
2 + 2 (erz)
2 =
1√
2
√
[rW ′(r)]2 + [V ′(r)]2. (3.20)
Thus, H = H(K) is a function of r alone.
With the velocity field (3.13), the momentum equations (3.1), (3.2) and (3.3) reduce to
r [W (r)]2 =
1
ρ
∂p
∂r
, (3.21)
0 = − 1
ρr
∂p
∂θ
+
1
ρr2
d
dr
(
Hr3W ′(r)
)
, (3.22)
0 = g − 1
ρ
∂p
∂z
+
1
ρr
d
dr
(
rHV ′(r)
)
. (3.23)
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Now, p is expected to be independent of θ, so (3.22) gives
HW ′(r) =
C1
r3
, (3.24)
where C1 is an arbitrary constant.
Integrating (3.21) with respect to r gives an expression for the pressure p (r, z) as
p (r, z) =
∫ r
Ri
ρr [W (r)]2 dr + F (z) , (3.25)
where F (z) is an arbitrary function of z alone.
Applying (3.25), (3.23) becomes
−g + 1
ρ
F ′ (z) =
1
ρr
d
dr
(
rHV ′(r)
)
. (3.26)
Now, the left hand side of (3.26) is a function of z alone, while the right hand side is a
function of r alone. They can only be equal if they are both equal to the same constant.
Thus, (3.26) yields
−ρg + F ′ (z) = C2, (3.27)
and
1
r
d
dr
(
rHV ′(r)
)
= C2, (3.28)
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where C2 is an arbitrary constant.
From (3.27), F (z) becomes
F (z) = (C2 + ρg) z + C3, (3.29)
where C3 is an arbitrary constant.
Then, (3.25) gives the pressure across the intercylindrical gap as
p (r, z) =
∫ r
Ri
ρr [W (r)]2 dr + (C2 + ρg) z + C3, (3.30)
where p (r, z) is determined only up to an arbitrary constant. From (3.30), it can be seen
that the first pressure component arises from the rotational flow generated by rotating the
inner cylinder, while the second is due to the axial flow. In the absence of any flow, p = ρgz
represents the hydrostatic pressure.
From (3.30), on neglecting the hydrostatic pressure, the dynamic pressure pd is given by
pd (r, z) =
∫ r
Ri
ρr [W (r)]2 dr + C2z + C3, (3.31)
so an axial dynamic pressure gradient is given by
C2 =
∂pd
∂z
. (3.32)
Then, (3.23) gives
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HV ′(r) =
1
2
∂pd
∂z
r +
C4
r
, (3.33)
where C4 is an arbitrary constant.
Equations (3.24) and (3.33) for W ′(r) and V ′(r) can be written as
H (K)W ′ (r) =
C1
r3
, (3.34)
H (K)V ′ (r) =
1
2
∂pd
∂z
r +
C4
r
, (3.35)
where C1 and C4 are unknown constants, which will be obtained from boundary conditions
and flow constraints to be determined later, while the constant axial pressure gradient ∂pd∂z
is given. Note that these two nonlinear differential equations are coupled, since H involves
both V ′(r) and W ′(r) through K as defined in (3.20). As mentioned earlier, the velocity
field (3.13) is a function of r alone and the flow is assumed to have a z – component directly
down. This tells us that ∂pd∂z is a negative constant, so (3.35) may be rewritten as
H (K)V ′ (r) = −Ar + B
r
, (3.36)
where −A = 12 ∂pd∂z , with A > 0 and B = C4.
Furthermore, from (3.34) and (3.18), it is seen that
τrθ (r) =
C1
r2
, (3.37)
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so, at the inner cylinder, r = Ri, (3.37) gives
τrθ (Ri) =
C1
R2i
,
being the only transverse stress component. Integrating τrθ on the surface of the inner
cylinder for an axial length of one unit gives
2piRiτrθ (Ri) =
2piC1
Ri
. (3.38)
If M represents the moment per unit length exerted on the inner cylinder, then (3.38)
becomes
2piR2i τrθ (Ri) = −M, (3.39)
so that,
C1 = −M
2pi
, (3.40)
where M is a positive constant that can be measured using a rheometer.
Therefore, (3.34) and (3.36) become
H (K)W ′ (r) = − M
2pir3
, (3.41)
H (K)V ′ (r) = −A
r
(
r2 − γ2) , (3.42)
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respectively, where γ2 = BA .
Note that, the rotational flow W (r), generated by rotating the inner cylinder, is generally
known as a rotating Couette flow, whereas the axial flow V (r), driven by the effective axial
dynamic pressure gradient, is commonly called a Poiseuille flow.
Note that substituting (3.42) in (3.41) yields a relationship between V ′ (r) and W ′ (r) as
V ′(r) =
2piA
M
(
r2 − γ2) r2W ′(r). (3.43)
Applying (3.43) in the local rate of shearing expression (3.20) gives
K = |W ′(r)|rφ (r,A, γ,M) /
√
2, (3.44)
where
φ (r,A, γ,M) =
√
1 +
(
2piA
M
)2
r2 (r2 − γ2)2. (3.45)
Therefore, the general equations of helical flow (3.41) to (3.45) have been obtained from
the basic equations for an incompressible generalized Newtonian fluid (2.19) and (2.22). For a
given yield stress fluid model H (K), the governing equations are highly nonlinear differential
equations due to the nonlinear relationship between the shear stress and the rate of shearing.
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3.3 Boundary conditions and flow constraints
The governing equations, given in Section 3.2, will be solved in a specific region. This
requires us to specify the boundary condition in that region. In the steady flow of an
incompressible viscous fluid, a non–slip condition is imposed at the inner and outer cylinders,
giving boundary conditions for W (r) and V (r) as
W (Ri) = Ω, W (Ro) = 0, (3.46)
V (Ri) = 0, V (Ro) = 0, (3.47)
where Ω is a positive constant angular velocity of the inner cylinder that is induced by the
positive torque per unit length M .
Note that a yield stress fluid model represents viscoplastic material that experiences
yielding, that is, it changes from a rigid body for the stresses below the yield stress to a
viscous fluid at values above this. Consequently, a freeze radius, perhaps radii, in the flow
field must be considered when considering flow of such fluids. Due to the symmetry of the
flow considered here, any freeze boundary will be cylindrical, with axis coincident with the
axis of the cylinders. At any freeze radius r = R¯, the local rate of shearing is zero, so that
K = 0; or, equivalently,
W ′
(
R¯
)
= 0 and V ′
(
R¯
)
= 0. (3.48)
From (3.46), W (r) is expected to be a monotonically decreasing function within the
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fluid part of the intercylindrical gap, hence W ′ (r) must be negative. Then, the local rate of
shearing K, given in (3.44), becomes
K = −W ′(r)rφ (r,A, γ,M) /
√
2, (3.49)
where φ (r,A, γ,M) is given by (3.45).
In order to continue the analysis of the helical flow, it is necessary to specify the gener-
alized Newtonian yield stress fluid model H (K) being considered. Once this is selected, the
equations presented in Section 3.2 and Section 3.3 are sufficient to obtain a full and explicit
description of the fluid’s behaviour during the motion. Note that due to the nonlinearity of
these equations, the task of solving them is extremely complicated and in general, numerical
techniques must be employed. However, it will be seen that it is possible to identify a small
parameter in some cases which will allow us to use a perturbation approach based on that
parameter.
3.4 Flow regimes
The remainder of this thesis considers two types of flow, helical flow with a core attached to
the outer cylinder and helical flow with a floating core. The following subsections consider
some features of these two flows.
3.4.1 Helical flow with attached core
In this case, a rotational shearing motion, induced by the torque per unit length M , is
assumed to provide enough stress for the fluid next to the inner cylinder to yield, producing
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a fluid region adjacent to the inner cylinder and a solid region attached to the outer cylinder.
For this to be the case, M cannot be zero. An axial pressure gradient A is added to this,
producing a helical flow in such a way that an attached core with thickness dependant on A
is retained.
It must be pointed out that since the only yielded region is between the inner cylinder
and the freeze boundary of the attached core, the outer physical boundary Ro, given in the
second of (3.46) and (3.47), is replaced by the freeze boundary r = R¯. Thus, the second
equations in (3.47) and (3.46) are rewritten as
V
(
R¯
)
= 0, (3.50)
W
(
R¯
)
= 0, (3.51)
which (3.48) also applies at r = R¯.
For the velocity field given in (3.13), the axial volume flow rate Q is given by
Q = 2pi
∫ R¯
Ri
rV (r)dr. (3.52)
Note that (3.52) represents a relationship between the axial volume flow rate, Q, and the
axial pressure gradient A since both V (r) and R¯ vary with A.
3.4.2 Helical flow with floating core
In this second case, an axial pressure gradient A is assumed, that is sufficient for the fluid
to yield adjacent to both the inner and outer cylinder boundaries leaving a solid floating
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core in the intercylindrical gap. For this to occur, A must be non–zero. A torque per unit
length, M , is applied at r = Ri, producing a steady rotation of the inner cylinder, r = Ri,
while the outer cylindrical surface r = Ro is held stationary. This leads to a helical flow in
the intercylindrical gap. The rotational flow, governed by M , is assumed to be such that a
floating core, with thickness dependent on M , is always present.
The axial pressure gradient, −A < 0, is as shown in Figure 3.2. The two freeze radii of
the floating core are r = R¯i and r = R¯o, with R¯o > R¯i. The velocity of the core is given by
the fluid velocity of the flow in the regions Ri ≤ r ≤ R¯i and R¯o ≤ r ≤ Ro evaluated on the
freeze boundaries. Note that the application of a relatively small torque is assumed, and the
introduction of such a rotational component will alter the freeze boundaries. The continuity
of the velocity field across the core, R¯i ≤ r ≤ R¯o, for the axial and annular flow, requires
V (R¯i) = V (R¯o), W (R¯i) = W (R¯o). (3.53)
At the freeze radii r = R¯i and r = R¯o, the local rate of shearing is zero, so that K = 0
there, or equivalently,
V ′(R¯i) = 0, V ′(R¯o) = 0, W ′(R¯i) = 0, W ′(R¯o) = 0. (3.54)
Finally, the axial volume flow rate Q may be written as
Q = 2pi
∫ Ro
Ri
rV (r)dr = 2pi
∫ R¯i
Ri
rV (r)dr + pi
(
R¯2o − R¯2i
)
V (R¯i)
+2pi
∫ Ro
R¯o
rV (r)dr. (3.55)
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The flow rate Q derives from the given pressure gradient A through the velocity compo-
nent V (r). Note that, as (3.55) shows, the moving floating core contributes to the flow, Q,
in contrast with the attached core in the previous case, which did not.
Figure 3.2: Concentric cylinders with rotational and axial flow. Ri and Ro are the inner and
outer cylinder surface, respectively. In addition, Ω and −A are the constant angular velocity
and the axial pressure gradient, respectively.
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3.5 Dimensionless formulations
The governing equations of the helical flow, with their associated parameters and boundary
conditions, given in the preceding sections, involve dimensional variables. As they stand and
for a given yield stress fluid model, the nonlinear equations (3.35) and (3.34) may, in principle,
be integrated to obtain V (r) and W (r) respectively, giving the velocity field (3.13). Here, it
is found convenient to render these equations and associated quantities dimensionless, having
the effect of reducing the number of parameters involved in the problem. In what follows,
the dimensionless variables are given in a general form and particular cases will be obtained
in the following chapters, when required
If a characteristic radial distance R is defined by
R = (Ri +Ro)/2, (3.56)
then a dimensionless radial variable s may be defined as
s =
r
R
. (3.57)
In terms of this, the inner and outer physical boundaries Ri and Ro respectively, become
si =
Ri
R
and so =
Ro
R
, (3.58)
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while any freeze boundary R¯ becomes, from (3.57),
s¯ =
R¯
R
. (3.59)
Considering the flow regimes, illustrated in Sections 3.4.1 and 3.4.2, the velocity field
components W (r) and V (r) with the effective viscosity H(K) and boundary conditions may
be rendered dimensionless as follows.
3.5.1 The attached core case
For the case considered in Section 3.4.1, it is assumed that the axial flow may be set to zero,
leaving a pure annular flow within the intercylindrical gap. Consequently, the torque M is
required to be greater than zero in the dimensionless formulation. If a positive constant Hˆ0 is
defined which has the dimensions of viscosity, dimensionless forms of V (r),W (r) and H(K)
denoted by v(s), w(s) and η(κ) respectively, are given by
v(s) = ΠV (Rs)/R, w(s) = ΠW (Rs) and η(κ) = H(K(Rs))/Hˆ0, (3.60)
where Π = 2piHˆ0R
2/M .
Using the variables of (3.60), the annular, W (r), and axial, V (r), flow equations, given
by (3.41) and (3.43), can be written as
η (κ)w′ (s) = − 1
s3
, (3.61)
v′ (s) = as2
(
s2 − σ2)w′ (s) , (3.62)
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where a and σ are defined by
a =
2piAR3
M
and σ =
γ
R
. (3.63)
Note that a in the first of (3.63) is positive and dimensionless. Moreover, it can be made
small by choosing A small enough, while R and M are fixed. From (3.63), it is apparent that
a can be associated with the pressure gradient, A.
The dimensionless form for the local rate of shearing K of equation (3.49) is given by
κ = −sw′(s)ψ (s, a, σ) , (3.64)
where ψ (s, a, σ) and κ are defined by
ψ (s, a, σ) =
√
1 + (sa)2 (s2 − σ2)2 and κ =
√
2ΠK. (3.65)
The boundary conditions can also be converted to dimensionless form. The non–slip
boundary conditions at the inner boundary, given as the first equations in (3.46) and (3.47),
become
w (si) = ω, (3.66)
v (si) = 0, (3.67)
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while those at the freeze boundary s¯, (3.50) and (3.51), become
v (s¯) = 0, (3.68)
w (s¯) = 0, (3.69)
where a dimensionless form of Ω, ω, is defined by
ω = ΠΩ.
Similarly, at the freeze boundary s¯, the first of (3.48) becomes
w′ (s¯) = 0, (3.70)
where it must be noted that the second of (3.48) is not shown because it can be found by
applying (3.70) in (3.62).
Finally, the axial volume flow rate (3.52) becomes, on integrating by parts,
∫ s¯
si
s2v′(s)ds = −q, (3.71)
where the dimensionless from of Q, q, is defined by
q =
Π
2piR3
Q. (3.72)
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3.5.2 The floating core case
Here, as discussed in Section 3.4.2, it is assumed that the rotational flow may be set to
zero leaving an axial flow in the intercylindrical gap. This implies that the axial pressure
gradient A in the dimensionless formulation is always non–zero. Thus, dimensionless forms
of V (r),W (r) and H(K), denoted by v (s), w (s) and η (κ) respectively, are given by
v(s) = ΥV (Rs)/R, w(s) = ΥW (Rs) and η(κ) = H(K(Rs))/Hˆ0, (3.73)
where Υ = Hˆ0RA and Hˆ0 is a positive constant having the dimensions of viscosity.
Applying (3.73) to the annular and the axial flow equations, given in (3.41) and (3.43)
respectively, yields
η (κ)w′ (s) = − 1
as3
, (3.74)
v′(s) = as2(s2 − σ2)w′(s), (3.75)
where a and σ are defined by
a =
2piR3A
M
and σ =
γ
R
. (3.76)
Note that the dimensionless parameter a, given in the first equation of (3.76), can be
made large if M is small while A and R are held fixed. Thus, it is convenient to define a
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positive dimensionless parameter, m, by
m =
M
2piR3A
=
1
a
, (3.77)
where m can be made as small as required, by choosing M small enough.
Thus, (3.74) and (3.75) become
η (κ)w′ (s) = −m
s3
, (3.78)
v′(s) = s2(s2 − σ2)w′(s)/m, (3.79)
where m is as given in (3.77).
The dimensionless forms for the local rate of shearing K of (3.49) is given by
κ = −sw′(r)ψ(s,m, σ)/m, (3.80)
where ψ (s,m, σ) and κ are defined by
ψ (s,m, σ) =
√
m2 + s2 (s2 − σ2)2 and κ =
√
2ΥK. (3.81)
The dimensionless forms for the non-slip boundary conditions (3.46) and (3.47) become
w(si) = ω, (3.82)
v(si) = 0, v(so) = 0, w(so) = 0, (3.83)
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while the continuity condition (3.53) yields
w(s¯i) = w(s¯o), v(s¯i) = v(s¯o), (3.84)
where
ω = ΥΩ, R¯i = Rs¯i, R¯o = Rs¯o.
Similarly, at the freeze boundaries s¯i and s¯o, the last two equations of (3.54) become
w′(s¯i) = 0, w′(s¯o) = 0, (3.85)
where it must be pointed out that the first two equations of (3.54) are not converted because
they can be found by applying (3.85) in (3.79).
Finally, the axial volume flow rate (3.55) becomes
q =
∫ so
si
sv (s) ds =
∫ s¯i
si
sv(s)ds+
1
2
(
s¯2o − s¯2i
)
v(s¯i)
+
∫ so
s¯o
sv(s)ds (3.86)
where q is defined by
q =
Υ
2piR3
Q. (3.87)
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3.6 Perturbation procedure
As demonstrated in the last part of Section 3.3, for a given yield stress viscosity model
H (K), the helical flow, formulated in Section 3.2, it is almost impossible to find exact
analytical solutions, so numerical techniques must be resorted to. However, considering the
small dimensionless parameters a and m discussed in the previous section, the nonlinear
differential equations for w′ (s) and v′ (s), for the helical flow with attached and floating
cores, may be solved approximately using the perturbation approach. This approach uses a
small a for the attached core and a small m for the floating core problems. Some observations
regarding the symmetry of the solutions, which will be discussed in the following chapters,
allow us to select particular forms of the perturbation expansions.
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Chapter 4
The Newtonian model: A constant
viscosity fluid model
The Newtonian fluid viscosity model is given by
H (K) = H0, (4.1)
where H0, the viscosity, is a positive constant. Thus, the viscosity of the fluid is independent
of the local rate of shearing K.
Although the solution of the helical flow for the Newtonian fluid has long been obtained
in different physical circumstances (see Langlois [44, Sec.4.9] and Slattery [63, Ch.3]), it is
appropriate to reformulate this solution in the notation that has been used in this thesis, in
order to be compatible with upcoming investigations. Note that the solution for this model
will provide an appropriate check of the results of calculations in the following chapters, since
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the yield stress models considered in the following chapters may be reduced to the Newtonian
model by choosing convenient parameter values.
Thus, applying (4.1) to the annular equation (3.41) yields
W ′ (r) = − M
2piH0r3
. (4.2)
In Section 3.4, two helical flow regimes were considered. In Section 3.4.1, the flow was
considered as a superimposition of an axial flow on a rotational one . In Section 3.4.2, the
reverse applied, namely a rotational flow was superimposed on an axial one. In Section 3.5,
the equations of motion were rendered dimensionless based on scalings relevant to these two
regimes. In what follows, the Newtonian helical flow problem is recast and solved in terms
of these dimensionless variables.
4.1 The dominance of an annular flow
Noting the comments above, and referring to Section 3.4.1, an exact solution of steady helical
flow problem for a Newtonian fluid flowing between two concentric cylinders will be found.
This flow may be viewed as arising by superimposing an axial flow, driven by a pressure
gradient A, on an existing annular flow, arising from rotation of the inner cylinder. The
equations of motion then are rendered dimensionless using the dimensionless formulation
of Section 3.5.1, together with the choice of Hˆ0 = H0. It must be noted that, since the
Newtonian model has zero yield stress, the flow in the intercylindrical gap si ≤ s ≤ so is
totally yielded and hence the freeze radius s = s¯ is replaced by the outer cylinder radius
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s = so, where only the non–slip condition applies.
Applying the dimensionless variables formulae of Section 3.5.1 converts (4.2) to
w′ (s) = − 1
s3
, (4.3)
Applying (4.3) to the dimensionless axial equation (3.62) yields
v′ (s) = −a
s
(
s2 − σ2) , (4.4)
where a and σ are defined by
a =
2piAR3
M
and σ =
γ
R
. (4.5)
Clearly, (4.3) and (4.4) are decoupled, so they can be solved independently of each other.
In addition, setting a = 0 converts the helical flow to a pure annular flow within the gap.
The velocity profile of the helical flow may be determined by integrating (4.3) and (4.4)
subjects to the boundary conditions, displayed in Section 3.5.1, namely
w(si) = ω, w (so) = 0, (4.6)
v (si) = 0, v (so) = 0, (4.7)
where s¯ is replaced by the outer physical boundary so as demonstrated above.
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Integrating (4.3) subject to the second equation of (4.6) gives
w (s) =
1
2
(
1
s2
− 1
s2o
)
, (4.8)
while integrating (4.4) subject to the first equation of (4.7) gives
v (s) =
a
2
((
s2i − s2
)
+ σ2 ln
(
s
si
)2)
. (4.9)
Applying the second equation of (4.7) in (4.9) gives
σ2 =
(
s2o − s2i
)
ln
(
so
si
)2 , (4.10)
determining σ2 completely in terms of known quantities.
Applying the first of (4.6) to (4.8) yields the constant angular velocity ω as
ω =
1
2
(
1
s2i
− 1
s2o
)
, (4.11)
which displays a relationship between the rotational angular velocity Ω and the torque per
unit length M , appearing explicitly in the scaling of ω, which is ω = 2piH0R
2
M Ω. This is the
analogue of the Reiner–Riwlin equation [9, Sec. 5.2].
Finally, the axial volume flow rate (3.71) gives, with so replacing s¯,
q =
a
4
((
s4o − s4i
)− 2σ2 (s2o − s2i )) , (4.12)
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which shows the relationship between the axial volume flow rate and pressure gradient.
In particular, it shows that the axial flow rate Q varies directly as the pressure gradient
A – the Hagen – Poiseuille law [9, Sec. 1.2] in this geometry.
4.2 The dominance of an axial flow
Following the analysis of the previous section, when the dimensionless formulation of Section
3.5.2 along with the choice of Hˆ0 = H0 is used to convert the helical flow equations for the
Newtonian fluid in terms of dimensionless, w(s) and v(s) become
w′ (s) = −m
s3
, (4.13)
v′(s) = −1
s
(s2 − σ2), (4.14)
where m = 1a , as shown in (3.77).
Again, (4.13) and (4.14) are decoupled and can be solved independently. In addition, on
setting m = 0, the helical flow reduces to pure axial flow in the gap.
In a similar manner to that of Section 4.1, integrating (4.13) subject to the second of
(4.6) gives
w (s) =
m
2
(
1
s2
− 1
s2o
)
, (4.15)
while integrating (4.14) in terms of the first of (4.7) yields
v (s) =
1
2
((
s2i − s2
)
+ σ2 ln
(
s
si
)2)
, (4.16)
51
where σ2 is as given in (4.10).
As above, the relationship between the torque and the constant angular velocity is given
by
ω =
m
2
(
1
s2i
− 1
s2o
)
, (4.17)
while the link between the axial volume flow rate Q and the pressure gradient A, (shown
explicitly in the dimensionless form of q) is given by
q =
1
4
((
s4o − s4i
)− 2σ2 (s2o − s2i )) , (4.18)
4.3 Discussion
On the basis of the results of Sections 4.1 and 4.2, where the exact solutions for the helical flow
of the Newtonian fluid model are obtained, it is not necessary to identify a small parameter
and hence the perturbation procedure is not required. As mentioned earlier, the main purpose
of introducing the solutions of Sections 4.1 and 4.2 is to give a suitable basis for comparison
when the results of the following chapters are obtained utilizing the perturbation method.
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Chapter 5
The Bingham model: The simplest
yield stress fluid model
In this Chapter, the Bingham model (2.23) is applied to the general equations for helical
flow of the non–Newtonian fluid of Section 3.2, to obtain a representation for the fluid flow
field. Helical flows with attached and floating cores, described in Sections 3.4.1 and 3.4.2
respectively, are examined, and analytical approximate solutions of the helical flow problem
are obtained using a perturbation approach. Numerical solutions are constructed and used to
test the accuracy of these analytical approximations. These calculations are used to obtain
expressions for fluid flow properties such as the viscosity and shear stress, and these are used
to represent the fluid behaviour within the intercylindrical gap.
In what follows, the Bingham viscous model as given in Section 2.4 is
H (K) = H0 +
T0
K(r)
, (5.1)
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where H0 and T0 are positive constants respectively for the dynamic viscosity and yield stress
as defined in Section 2.4, while the rate of shearing, K(r), is as given in (3.49).
Applying (5.1) and K(r) as given by (3.49) to the differential equation (3.41) yields
W ′ (r) =
1
H0
( √
2T0
rφ (r,A, γ,M)
− M
2pir3
)
, (5.2)
where φ (r,A, γ,M) is given by
φ (r,A, γ,M) =
√
1 +
(
2piA
M
)2
r2 (r2 − γ2)2. (5.3)
5.1 Solution for the attached core and small a
As discussed in Section 3.4.1, the helical flow with attached core for the Bingham fluid will be
analyzed between infinitely long concentric cylinders. Such a flow occurs by superimposing
the small axial flow, driven by the small pressure gradient, on an existing annular flow, arising
from rotating the inner cylinder. It must be remembered that it is assumed that there is
enough stress arising from the rotational flow to make the fluid adjacent to the inner cylinder
yield, generating a fluid–solid freeze boundary within the gap. Additionally, there always will
be a solid–fluid boundary due to the assumption of a small pressure gradient.
At this stage, it is appropriate to reformulate this problem in dimensionless form. Using
the scalings of Section 3.5.1, along with the choice of Hˆ0 = H0, converts the equation (5.2)
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to
w′ (s) =
τ0
sψ (s, a, σ)
− 1
s3
, (5.4)
while the dimensionless form of the axial momentum equation (3.62) becomes
v′ (s) = as2
(
s2 − σ2)w′ (s) , (5.5)
where
ψ (s, a, σ) =
√
1 + (sa)2 (s2 − σ2)2, a = 2piAR
3
M
and τ0 =
2
√
2piR2
M
T0. (5.6)
In term of these quantities, the dimensionless viscosity profile (5.1) is given by
η(κ) = 1 +
τ0
κ
, (5.7)
and rearranging (5.7) gives the dimensionless stress profile as
τ(κ) = κ+ τ0, (5.8)
where κ, the dimensionless rate of shearing, is defined by
κ(s) = −sw′ψ (s, a, σ) . (5.9)
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In principle, (5.4) and (5.5) may be integrated subject to the freeze boundary condition
(3.69) and non–slip conditions at the inner cylinder (3.67) respectively, giving w(s) and v(s)
in terms of σ and s¯. The conditions (3.66), (3.68) and (3.70) give three equations linking
σ, s¯ and ω. Finally, the dimensionless volumetric flow rate q can be found from (3.71). Note
that a and τ0 are known quantities.
5.1.1 Perturbation analysis
In what follows, it is assumed that a, the dimensionless parameter corresponding to A, is
small, and a perturbation method based on the limit a → 0 is used to obtain expansions
in powers of a for the unknown quantities s¯, σ, v (s) and w (s). Note that ω and q will be
evaluated later.
While the positive a values have only been investigated, it is physically realistic to consider
negative a values, corresponding to the reversal of the axial flow. In view of that, v (s) and
v′ (s) will reverse in sign, so they are viewed as odd functions of a and are (O(a)). On the
other hand, w (s) and w′ (s) will not change sign, so are considered as even functions of a and
are (O(1)). In addition, the unknown associated parameters of the flow equations σ and s¯
are seen to not change sign because σ is located at the peak of the axial flow profile and s¯ is
the freeze boundary, so these quantities are classified as even functions of a and are (O(1)).
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Based on this observation, the expansions of the quantities in powers of a take the form
s¯ ∼ s¯0 + s¯2a2 + s¯4a4 +O(a6), (5.10)
σ ∼ σ0 + σ2a2 + σ4a4 +O(a6), (5.11)
w(s) ∼ w0(s) + w2(s)a2 + w4(s)a4 +O(a6), (5.12)
v(s) ∼ v1(s)a+ v3 (s) a3 + v5(s)a5 +O(a7). (5.13)
Substituting (5.11) and (5.12) into (5.4) and equating like powers of a gives differential
equations for w0 (s) and w2(s) as
w′0 (s) =
τ0
s
− 1
s3
, (5.14)
w′2 (s) = −
τ0s
2
(
s2 − σ20
)2
(5.15)
respectively, in terms of σ0.
A similar calculation applied to (5.5) gives differential equations for v1(s) and v3(s) as
v′1 (s) = s
2
(
s2 − σ20
)
w′0 (s) , (5.16)
v′3 (s) = s
2
(
s2 − σ20
)
w′2 (s)− 2σ0σ2s2w′0 (s) (5.17)
respectively, in terms of σ0 and σ2.
Leading and higher order terms in the expansions (5.10) and (5.11) will be obtained from
the boundary conditions (3.67) to (3.70).
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Applying (5.12) in (3.70) gives
w′ (s¯) = w′0 (s¯) + w
′
2 (s¯) a
2 + · · · = 0. (5.18)
Substituting (5.10) to (5.18) and expanding in powers of a, the following conditions are
obtained:
w′0 (s¯0) = 0, (5.19)
w′′0 (s¯0) s¯2 + w
′
2 (s¯0) = 0, (5.20)
from equating the coefficients of the first few powers of a.
In a like manner, applying (5.10), (5.12) and (5.13) in (3.67) to (3.69) yield
w0 (s¯0) = 0, (5.21)
w′0 (s¯0) s¯2 + w2 (s¯0) = 0, (5.22)
v1 (s¯0) = 0, (5.23)
v1 (si) = 0, (5.24)
v′1 (s¯0) s¯2 + v3 (s¯0) = 0, (5.25)
v3 (si) = 0 (5.26)
for the boundary conditions for the annular and axial flow components.
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5.1.2 Leading order terms of the expansions
Here, the leading order terms of (5.10) – (5.12) corresponding to a = 0 are considered. These
correspond to purely rotational flow in the intercylindrical gap, with zero pressure gradient.
The boundary conditions (5.19) and (5.23) with (5.24) enable evaluation of the coefficients
s¯0 and σ0. Substituting (5.19) into (5.14) gives
s¯0 =
1√
τ0
, (5.27)
determining s¯0 in terms of known quantity.
Combining (5.16) with the boundary conditions (5.23) and (5.24) gives, on rearranging,
σ20 =
∫ s¯0
si
s4w′0 (s) ds∫ s¯0
si
s2w′0 (s) ds
. (5.28)
The right hand side of (5.28) is positive due to w′0 (s) being nonnegative over the interval
[si, s¯0].
Applying (5.14) to (5.28) and solving for σ0 gives
σ20 =
τ0
(
s¯40 − s4i
)− 2 (s¯20 − s2i )
2τ0
(
s¯20 − s2i
)− 4 ln( s¯0si ) , (5.29)
determining σ0.
Integrating (5.14) subject to the freeze boundary (5.21) yields
w0 (s) = τ0 ln
(
s
s¯0
)
+
1
2
(
1
s2
− 1
s¯20
)
. (5.30)
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Thus, from (5.30) and (5.27), the velocity component of pure annular flow (a = 0) is
given by
sw0(s) = s
(
τ0 ln
(
s
s¯0
)
+
1
2
(
1
s2
− 1
s¯20
))
, (5.31)
where it is important to note that only τ0 is involved, while σ0 is not at this level, but is
relevant to the situation where a > 0, that is there is a (small) axial flow.
5.1.3 Higher order terms of the expansions
The boundary conditions (5.20) and (5.25) with (5.26) allow evaluation of the coefficients s¯2
and σ2. Substituting (5.14) and (5.15) in (5.20) gives
s¯2 = s¯
3
0
(
s¯20 − σ20
)2
/4. (5.32)
Note that from (5.16) and (5.19), v′1 (s¯0) = 0. Consequently, the freeze boundary condi-
tions (5.22) and (5.25) reduce to
w2 (s¯0) = 0, (5.33)
v3 (s¯0) = 0. (5.34)
Thus, combining (5.17) with (5.26) and (5.34) yields
∫ s¯0
si
s2
(
s2 − σ20
)
w′2 (s) ds− 2σ0σ2
∫ s¯0
si
s2w′0 (s) ds = 0. (5.35)
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Solving (5.35) for σ2 gives
σ2 =
∫ s¯0
si
s2
(
s2 − σ20
)
w′2 (s) ds
2σ0
∫ s¯0
si
s2w′0 (s) ds
. (5.36)
Integrating the transverse equation (5.15) subject to the freeze boundary condition (5.33),
while integrating the axial equations (5.16) and (5.17) subject to the inner boundary condi-
tions (5.24) and (5.26) respectively, yield
w2 (s) = − τ0
12
[ (
s2 − σ20
)3 − (s¯20 − σ20)3 ], (5.37)
v1 (s) =
1
4
[
τ0
(
s4 − s4i
)− 2 (s2 − s2i ) (σ20τ0 + 1)+ 4σ20 ln( ssi
)]
, (5.38)
v3 (s) =
τ0
80
[
− 4 (s10 − s10i )+ 15σ20 (s8 − s8i )− 20σ40 (s6 − s6i )+ 10σ60 (s4 − s4i )−
80σ0σ2
(
s2 − s2i
) ]
+ 2σ0σ2 ln
(
s
si
)
. (5.39)
To recapitulate, expansions for w(s) and v(s) are given by (5.12) and (5.13), where
w0 (s) , w2 (s) , v1 (s) and v3 (s) are given by (5.30), (5.37), (5.38) and (5.39), respectively.
In a like manner, expansions for the associated parameters s¯ and σ are given by (5.10)
and (5.11), where s¯0, s¯2, σ0 and σ2 are given by (5.27), (5.32), (5.29) and (5.36), respectively.
5.1.4 Application of the expansions to fluid flow properties
The expansions for the velocity field, constructed above, may be used to derive analytical
approximations for a range of Bingham fluid properties. Two of the material properties
are considered here: the viscosity, η(s), and the shear stress, τ(s), given by (5.7) and (5.8)
respectively. Such properties describe the fluid behaviour inside the gap. Substituting the
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expansions of w(s) and σ, given by (5.12) and (5.11) respectively, in (5.7) and (5.8), we
obtain, on expansion in powers of a, analytical approximations for the viscosity and shear
stress as
η(s) =
(
1− τ0
2w′0(s)
)
+
(
τ0s
(
s2 − σ20
)2
2w′0(s)
+
τ0w
′
2(s)
sw′0(s)2
)
a2 + O(a4), (5.40)
τ(s) =
(−sw′0(s) + τ0)− (12s3w′0 (s2 − σ20)2 + sw′2(s)
)
a2 + O(a4). (5.41)
where w′0(s) and w′2(s) are as given in (5.14) and (5.15), respectively.
Two other quantities of interest are the angular velocity, ω, observed (or measured) at
the inner cylinder and the axial flow rate, q. From (3.66) and (3.71), ω and q are given as
ω = w(si), (5.42)
q = −
∫ s¯
si
s2v′(s)ds. (5.43)
The expansions of w(si) and q in powers of a take the form
ω = w0(si) + w2(si)a
2 +O(a4), (5.44)
q = −a
∫ s¯0
si
s2v′1(s)ds− a3
∫ s¯0
si
s2v′3(s)ds+O(a5), (5.45)
where, from (5.30) and (5.37),
w0(si) = τ0 ln
(
si
s¯0
)
+
1
2
(
1
s2i
− 1
s¯20
)
, (5.46)
w2(si) = − τ0
12
((
s2i − σ20
)3 − (s¯20 − σ20)3) , (5.47)
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while v′1(s) and v′3(s) are as given by (5.16) and (5.17), respectively.
5.2 Solution for the floating core and small m
Here, the helical flow with floating core for a Bingham fluid is analyzed. This flow consists of
two components: a transverse rotational Couette flow, arising from the small torque per unit
length, superimposed on an axial Poiseuille flow, driven by a constant axial pressure gradient
– see Section 3.4.2. It must be remembered that the axial pressure gradient is assumed to
provide enough stress for the fluid to yield, producing a floating core. In addition, due the
smallness of the torque M , the two freeze boundaries are retained.
In what follows, the dimensionless formula of Section 3.5.2, with Hˆ0 replaced by H0 gives
(5.2) as
w′(s) = m
(
τ0
sψ
− 1
s3
)
, (5.48)
while the dimensionless equation for the axial velocity component, given by (3.79), is
v′(s) = s2(s2 − σ2)w′(s)/m, (5.49)
where
ψ (s,m, σ) =
√
m2 + s2 (s2 − σ2)2, m = M
2piR3A
and τ0 =
√
2T0
RA
. (5.50)
Note that τ0, which has been used here, has a different definition to that used in the
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preceding problem.
As in Section 5.1, the dimensionless form for the viscosity, η (κ), and shear stress, τ(κ),
profile become
η(κ) = 1 +
τ0
κ(s)
, (5.51)
τ(κ) = κ(s) + τ0 (5.52)
respectively, where κ(s), as given by (3.80), is
κ(s) = −sw′(s)ψ(s,m, σ)/m. (5.53)
The unknown quantities in the problem (5.48)–(5.49) and (3.82)–(3.86) are w(s), v(s),
σ, s¯i, s¯o, ω and q. Note that m and τ0 are assumed given. In principle, these seven unknown
quantities may be found by solving the seven simultaneous nonlinear equations, given in
Section 3.5.2. Note that w′(s) contains σ, so the first two of (3.83) together with the last of
(3.84) and (3.85) give three equations in the three quantities σ, s¯i and s¯o. Moreover, w(s)
and v(s) can be found by integrating w′(s) and v′(s), obtaining the constants of integration
by applying the last two of (3.83). Finally, ω and q can be obtained from (3.82) and (3.86),
respectively.
5.2.1 Perturbation analysis
Here, m, the dimensionless parameter corresponding to M , is assumed small, so that per-
turbation expansions of s¯i, s¯o, σ, w(s) and v(s) based on the limit m → 0 can be exploited.
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Note that applying analogous reasoning to that of Section 5.1.1, it follows that changing the
sign of m corresponds to the reversal of the annular flow w (s). So, w(s) and hence w′(s) will
reverse in sign which leads to the conclusion that w(s) and w′(s) are odd functions of m and
are (O(m)). On the other hand, v(s) and v′(s) will not change sign with this flow reversal,
so are even functions of m and are (O(1)). In addition, the unknown quantities, such as σ,
s¯i and s¯o are locating in the plug region and freeze boundaries respectively, will not change
in sign with flow reversal, so are even functions of m and hence these quantities are (O(1)).
With this justification, the expansions for s¯i, s¯o and σ become
s¯i ∼ s¯i0 + s¯i2m2 + s¯i4m4 +O(m6), (5.54)
s¯o ∼ s¯o0 + s¯o2m2 + s¯o4m4 +O(m6), (5.55)
σ ∼ σ0 + σ2m2 + σ4m4 +O(m6). (5.56)
where the subscripts i and o refer to inner si ≤ s < s¯i and outer s¯o < s ≤ so fluid regions,
respectively.
The velocity field components w (s) and v (s) will differ in the inner fluid zone and outer
fluid zone, so will be denoted here by wi (s) , vi (s) and wo (s) , vo (s) respectively, with ex-
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pansions
wi(s) ∼ wi1(s)m+ wi3(s)m3 + wi5(s)m5 +O(m7), (5.57)
vi(s) ∼ vi0(s) + vi2(s)m2 + vi4(s)m4 +O(m6), (5.58)
wo(s) ∼ wo1(s)m+ wo3(s)m3 + wo5(s)m5 +O(m7), (5.59)
vo(s) ∼ vo0(s) + vo2(s)m2 + vo4(s)m4 +O(m6). (5.60)
The expansions (5.57) and (5.58) must satisfy the non–slip conditions (3.82) and (3.83)
at the inner cylinder s = si, along with the freeze boundary conditions (3.85) at the inner
freeze boundary s = s¯i.
Similarly, (5.59) and (5.60) must satisfy (3.83) at the outer cylinder s = so, and the freeze
boundary condition (3.85) at the outer freeze boundary s = s¯o.
Finally, (5.57) - (5.58) and (5.59) - (5.60) must satisfy the continuity condition (3.84) at
the two freeze boundaries s = s¯i and s = s¯o.
The non–slip condition (3.83) at the inner cylinder gives
vi0(si) = 0, vi2(si) = 0, (5.61)
while at the outer cylinder,
vo0(so) = 0, vo2(so) = 0, (5.62)
wo1(so) = 0, wo3(so) = 0. (5.63)
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The continuity conditions (3.84) then yield
wi1(s¯i0) = wo1(s¯o0), (5.64)
wi3(s¯i0) + w
′
i1(s¯i0)s¯i2 = w
′
o1(s¯o0)s¯o2 + wo3(s¯o0), (5.65)
vi0(s¯i0) = vo0(s¯o0), (5.66)
vi2(s¯i0) + v
′
i0(s¯i0)s¯i2 = v
′
o0(s¯o0)s¯o2 + vo2(s¯o0), (5.67)
while the freeze boundary conditions (3.85) give
w′i1(s¯i0) = 0, (5.68)
w
′′
i1(s¯i0)s¯i2 + w
′
i3(s¯i0) = 0, (5.69)
w′o1(s¯o0) = 0, (5.70)
w
′′
o1(s¯o0)s¯o2 + w
′
o3(s¯o0) = 0. (5.71)
Applying both (5.68) and (5.70) to each of (5.65) and (5.67) gives
wi3(s¯i0) = wo3(s¯o0), (5.72)
vi2(s¯i0) = vo2(s¯o0). (5.73)
Substituting (5.57) and (5.58) into (5.48) and (5.49) and equating like powers of m yields
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the sequence of differential equations
w′i1(s) =
τ0
s|s (s2 − σ20) | − 1s3 , (5.74)
w′i3(s) = −
τ0
(
1− 4σ0σ2s2
(
s2 − σ20
))
2s3
(
s2 − σ20
)2 |s (s2 − σ20) | , (5.75)
v′i0(s) = s
2
(
s2 − σ20
)
w′i1(s), (5.76)
v′i2(s) = s
2
(
s2 − σ20
)
w′i3(s)− 2σ0σ2s2w′i1(s), (5.77)
for the first few coefficient functions win (s) and vin (s) in the inner fluid region.
Similarly, differential equations for won (s), von (s) in the outer fluid region become
w′o1(s) =
τ0
s|s (s2 − σ20) | − 1s3 , (5.78)
w′o3(s) = −
τ0
(
1− 4σ0σ2s2
(
s2 − σ20
))
2s3
(
s2 − σ20
)2 |s (s2 − σ20) | , (5.79)
v′o0(s) = s
2
(
s2 − σ20
)
w′o1(s), (5.80)
v′o2(s) = s
2
(
s2 − σ20
)
w′o3(s)− 2σ0σ2s2w′o1(s). (5.81)
Note that, since (5.74) – (5.77) and (5.78) – (5.81) take account of the fact that s < σ0
and s > σ0 in the inner and outer fluid regions respectively, it is seen that (5.74) – (5.75)
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and (5.78) – (5.79) can be simplified to be
w′i1(s) = −
τ0
s2
(
s2 − σ20
) − 1
s3
, (5.82)
w′i3(s) =
τ0
(
1− 4σ0σ2s2
(
s2 − σ20
))
2s4
(
s2 − σ20
)3 , (5.83)
w′o1(s) =
τ0
s2
(
s2 − σ20
) − 1
s3
, (5.84)
w′o3(s) = −
τ0
(
1− 4σ0σ2s2
(
s2 − σ20
))
2s4
(
s2 − σ20
)3 . (5.85)
5.2.2 Leading order terms of the expansions
The leading order terms of (5.54) - (5.56), (5.58) and (5.60) correspond to m = 0 in the
inner and outer fluid regions. This corresponds to purely axial flow in the intercylindrical
gap, with no rotation of the inner cylinder.
Integrating the differential equation (5.76) subject to the first of (5.61), and (5.80) subject
to the the first of (5.62), yield
vi0(s) =
1
2
(
s2i − s2
)
+ τ0 (si − s) + σ20 ln
(
s
si
)
, (5.86)
vo0(s) =
1
2
(
s2o − s2
)
+ τ0 (s− so) + σ20 ln
(
s
so
)
. (5.87)
From (5.68), (5.82) and (5.70), (5.84), s¯i0 and s¯o0 are given by
s¯i0 = −τ0
2
+
√
τ20 + 4σ
2
0
2
and s¯o0 =
τ0
2
+
√
τ20 + 4σ
2
0
2
. (5.88)
69
Rearranging the first of (5.88) gives
σ20 = s¯i0(s¯i0 + τ0) (5.89)
determining σ0 completely in terms of s¯i0.
Note that the relationship between the two freeze boundaries can be obtained from (5.88)
as
s¯o0 = s¯i0 + τ0 or s¯o0 − s¯i0 = τ0. (5.90)
From (5.90), it can be deduced that once the inner and outer freeze boundaries coincide
with the inner and outer cylinder boundaries respectively, then there is no flow in the region
[si, so]. Thus, for a floating core in the intercylindrical region, it is necessary that τ0 obeys
the condition
τ0 < so − si. (5.91)
Substituting (5.86) and (5.87) in (5.66) and applying (5.90), yields an equation for s¯i0
GB (s¯i0) = 0, (5.92)
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where the function GB(λ) is defined by
GB (λ) = τ0(si + so)− τ0
(τ0
2
+ λ
)
+
1
2
(s2i − s2o) +
λ(λ+ τ0) ln
(
λso
(λ+ τ0)si
)
. (5.93)
Thus, s¯i0 is a zero of GB (λ) (if one exists); and s¯o0 is given by (5.90), given τ0.
Clearly, (5.93) cannot be solved analytically, so numerical solution techniques must be
employed. However, there are conditions under which (5.93) has exactly one solution s¯i0
lying in the interval (si, so − τ0) and hence the second freeze boundary s¯o0, given by (5.90),
is surely located in the gap. These conditions are as follows:
• The derivative of GB(λ) has only a single sign on the interval si < λ < so − τ0.
• The function GB(λ) satisfies that
GB(si) < 0 and GB(so − τ0) > 0. (5.94)
When the above conditions are met, it follows that GB (λ) has a single zero, s¯i0, in
si < s¯i0 < so − τ0 and s¯o0 = s¯i0 + τ0 belongs to the interval (si + τ0, so).
The derivative of GB (λ) is given by
G′B (λ) = (2λ+ τ0) ln
(
λso
(λ+ τ0)si
)
;
= (2λ+ τ0)
[
ln
(
λ
si
)
+ ln
(
so
λ+ τ0
)]
. (5.95)
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Note that since λ belong to the interval si < λ < so − τ0, the logarithm terms in (5.95)
are positive.
Therefore, GB (λ) is a monotonically increasing function of λ on si < λ < so − τ0.
Using the fact that, ln(x) ≤ x− 1, for x > 0 (see Bullen [12, Ch. 1]), (5.93) gives
GB(si) ≤ τ0 (si + so)− τ0
(τ0
2
+ si
)
+
1
2
(
s2i − s2o
)
+ si (si + τ0)
[
so
si + τ0
− 1
]
,
= −1
2
(so − si − τ0)2 < 0, (5.96)
which is the first of (5.94).
Similarly, with the inequality, ln(x) ≥ 1− 1x , for x > 0 (see [12, Ch. 1]), (5.93) becomes
GB (so − τ0) ≥ τ0 (si + so)− τ0
[τ0
2
+ (so − τ0)
]
+
1
2
(
s2i − s2o
)
+
so (so − τ0)
[
1− si
so − τ0
]
,
=
1
2
(so − si − τ0)2 > 0, (5.97)
which is the second of (5.94).
From (5.96) and (5.97), it follows that s¯i0 is in the interval (si, so − τ0) and hence s¯o0,
given by (5.90), must be in the interval (si + τ0, so). Since both the inner and outer freeze
boundaries are in the gap between the inner and outer cylinders, the plug flow region always
exists.
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5.2.3 Higher order terms of the expansions
From (5.69), (5.82) and (5.83), s¯i2 is given by
s¯i2 =
1− 4σ0σ2s¯2i0
(
s¯2i0 − σ20
)
2s¯3i0τ0 (τ0 + 2s¯i0)
, (5.98)
while from (5.71), (5.84) and (5.85), s¯o2 takes the form
s¯o2 =
1− 4σ0σ2s¯2o0
(
s¯2o0 − σ20
)
2s¯3o0τ0 (τ0 − 2s¯o0)
. (5.99)
Integrating (5.77) and (5.81) subject to the second of (5.61) and (5.62) respectively, gives
vi2(s) =
τ0
8σ50
(
3 ln
(
F (si)
F (s)
)
+
16σ60σ2
τ0
ln
(
s
si
)
−σ0
(
2s
s2 − σ20
− 2si
s2i − σ20
)
+ 4σ0
(
1
si
− 1
s
))
, (5.100)
vo2(s) =
τ0
8σ50
(
3 ln
(
F (so)
F (s)
)
+
16σ60σ2
τ0
ln
(
s
so
)
+σ0
(
2s
s2 − σ20
− 2so
s2o − σ20
)
+ 4σ0
(
1
s
− 1
so
))
, (5.101)
where
F (x) =
x+ σ0
x− σ0 . (5.102)
Note that σ2 has yet to be found.
To obtain σ2 in terms of s¯i0, substituting (5.100) and (5.101) into (5.73) gives, on rear-
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ranging,
σ2 = − τ0
16σ60 ln
(
s¯i0so
s¯o0si
)[3 ln(F (si)F (s¯o0)
F (s¯i0)F (so)
)
+ 2σ0
(
so
s2o − σ20
+
si
s2i − σ20
)
+
4σ0
(
1
so
+
1
si
− 1
s¯o0
− 1
s¯i0
)]
, (5.103)
where F (x) is as given in (5.102).
Now, integrating (5.84) subject to the boundary condition at the outer cylinder s = so,
the first of (5.63) gives
wo1(s) =
1
2
(
1
s2
− 1
s2o
)
+
τ0
σ20
(
1
s
− 1
so
)
+
τ0
2σ30
ln
(
F (so)
F (s)
)
. (5.104)
Integrating (5.82) subject to the boundary condition (5.64), where it must be noted that
the right hand side of (5.64) is now known, gives
wi1(s) =
1
2
[(
1
s¯2o0
− 1
s2o
)
−
(
1
s¯2i0
− 1
s2
)]
+
τ0
2σ30
ln
(
F (so)F (s)
F (s¯o0)F (s¯i0)
)
+
τ0
σ20
[(
1
s¯o0
− 1
so
)
+
(
1
s¯i0
− 1
s
)]
, (5.105)
where F (x) is as given in (5.102).
In a like manner, integrating (5.83) and (5.85) subject to (5.72) and the second of (5.63)
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respectively, gives
wo3(s) =
−τ0
32σ80
{(
11 + 16σ50σ2
) [ 2s
s2 − σ20
− 2so
s2o − σ20
]
+
16σ20
3
(
1
s3
− 1
s3o
)
+
σ20
[
4so(
s2o − σ20
)2 − 4s(
s2 − σ20
)2
]
+
(
48 + 64σ50σ2
)(1
s
− 1
so
)
+(
35
σ0
+ 48σ50σ2
)
ln
(
F (so)
F (s)
)}
(5.106)
and
wi3(s) =
τ0
32σ80
{(
11 + 16σ50σ2
)( 2s
s2 − σ20
− 2s¯i0
s¯2i0 − σ20
)
+
16σ20
3
(
1
s3
− 1
s¯3i0
)
+
σ20
[
4s¯i0(
s¯2i0 − σ20
)2 − 4s(
s2 − σ20
)2
]
+
(
48 + 64σ50σ2
)(1
s
− 1
s¯i0
)
+(
35
σ0
+ 48σ50σ2
)
ln
(
F (s¯i0)
F (s)
)}
+ wo3 (s¯o0) , (5.107)
where F (x) is as given in (5.102).
To recapitulate, the inner region expansions for win(s) and vin(s) are given by (5.57)
and (5.58), where wi1(s), wi3(s), vi0(s) and vi2(s) are given by (5.105), (5.107), (5.86) and
(5.100), respectively.
The outer region expansions for won(s) and von(s) are given by (5.59) and (5.60), where
wo1(s), wo3(s), vo0(s) and vo2(s) are given by (5.104), (5.106), (5.87) and (5.101), respectively.
The expansions for the associated parameters s¯i, s¯o and σ are given by (5.54), (5.55) and
(5.56) respectively, where σ0 is given by (5.89), on solving (5.93) numerically to obtain s¯i0.
Then, s¯o0 is given by the second of (5.88), while s¯i2, s¯o2 and σ2 are obtained from (5.98),
(5.99) and (5.103) respectively.
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An expansion for the width of the floating core is given by
s¯o − s¯i = (s¯o0 − s¯i0) +m2 (s¯o2 − s¯i2) + · · · . (5.108)
From (5.89) and (5.90), σ20 = s¯i0s¯o0. Applying this to the O(m2) term in (5.108) and
using (5.98), (5.99) gives, after calculation,
s¯o − s¯i = (s¯o0 − s¯i0)−
[
1
2τ0 (τ0 + 2s¯o0)
(
1
s¯3o0
+
1
s¯3i0
)]
m2 + · · · , (5.109)
an expansion for the floating core width.
5.2.4 Application of the expansions to fluid flow properties
As in Section 5.1.4, two quantities that describe the behaviour of the fluid inside the fluid
gap are considered here: the viscosity, η(s) and shear stress, τ(s), given in (5.51) and (5.52),
respectively. Substituting the expansions for wi(s), wo(s) and σ in (5.51) and (5.52) gives,
on expansion in powers of m, analytical approximations for the viscosity, η(s), and stress,
τ(s), in the inner and outer fluid regions as
ηi(s) = 1 +
τ0
s2w′i1
(
s2 − σ20
)
−
(
τ0
(
1− 4σ0σ2s2
(
s2 − σ20
))
2s4w′i1
(
σ20 − s2
)3 + τ0w′i3s2w′2i1 (σ20 − s2)
)
m2
+ O(m4), (5.110)
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ηo(s) = 1− τ0
s2w′o1
(
s2 − σ20
)
+
(
τ0
(
1− 4σ0σ2s2
(
s2 − σ20
))
2s4w′o1
(
s2 − σ20
)3 + τ0w′o3s2w′2o1 (s2 − σ20)
)
m2
+ O(m4), (5.111)
τi(s) = s
2
(
s2 − σ20
)
w′i1 + τ0
+
(
w′i1
(
1− 4σ0σ2s2
(
s2 − σ20
))
2
(
s2 − σ20
) + s2 (σ20 − s2)w′i3
)
m2
+ O(m4), (5.112)
τo(s) = −s2
(
s2 − σ20
)
w′o1 + τ0
+
(
−w
′
o1
(
1− 4σ0σ2s2
(
s2 − σ20
))
2
(
s2 − σ20
) − s2 (s2 − σ20)w′o3
)
m2
+ O(m4). (5.113)
where, as before, subscripts i and o denote quantities in the inner and outer fluid regions,
respectively.
Finally, approximate expressions for the angular velocity at the inner cylinder ω and the
axial flow rate may be found. These quantities, given in (3.82) and (3.86) respectively, are
ω = wi(si), (5.114)
q =
∫ s¯i
si
sv(s)ds+
1
2
(
s¯2o − s¯2i
)
v(s¯i) +
∫ so
s¯o
sv(s)ds. (5.115)
Since the intercylindrical gap contains three regions, which are the inner fluid region
si ≤ s < s¯i, the plug flow region s¯i < s < s¯o and the outer fluid region s¯o < s ≤ so, the axial
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flow rate q can be written as
q =
∫ s¯i
si
svi(s)ds+
1
2
vi(s¯i)
(
s¯2o − s¯2i
)
+
∫ so
s¯o
svo(s)ds. (5.116)
Using the perturbation expansions and equating like orders in m, analytical approxima-
tions for ω and q take the form
ω = wi1(si)m+ wi3(si)m
3 +O(m5), (5.117)
q =
∫ s¯i0
si
svi0(s)ds+
1
2
vi0(s¯i0)
(
s¯2o0 − s¯2i0
)
+
∫ so
s¯o0
svo0(s)ds+
[ ∫ s¯i0
si
svi2(s)ds+
vi0(s¯i0) (s¯o0s¯o2 − s¯i0s¯i2) + 1
2
vi2(s¯i0)
(
s¯2o0 − s¯2i0
)
+
∫ so
s¯o0
svo2(s)ds+
s¯i2s¯i0vi0(s¯i0)− s¯o2s¯o0vo0(s¯o0)
]
m2 +O(m4), (5.118)
where wi1(s) and wi3(s) are as given in (5.105) and (5.107) respectively, while vi0(s), vo0(s), vi2(s)
and vo2(s), are given by (5.86), (5.87), (5.100) and (5.101), respectively.
5.3 Discussion
In what follows, the approximate solutions of Sections 5.1 and 5.2, given by the perturba-
tion expansions, will be investigated. Numerical solutions are compared with the analytical
approximate solutions. The velocity profiles of the annular and axial flow and other flow
properties are considered for each of the problems.
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5.3.1 The attached core problem with small a
The velocity components w (s) , v (s) and the parameters s¯, σ, ω and q of Section 5.1 are
evaluated from the expansions (5.12), (5.13), (5.10), (5.11), (5.44) and (5.45), respectively.
It must be remembered that the smallness of the dimensionless parameter a, given by the
second of (5.6), is a ratio of dimensional terms. It is the ratio which is assumed to be small
rather than any particular term in the ratio – see Section 3.5.1.
When a = 0, there is a pure annular flow, (no axial flow), v (s) = 0 and the leading
order terms for s¯0, σ
2
0, w0(s) and w0(si), given by (5.27), (5.29), (5.30) and (5.46), describe
the flow. The freeze boundary s¯0 (5.27) depends only on τ0, where it must be remembered
that this depends on both T0 and M . The rate of rotation w0(si) is dependent on τ0 and
the cylinder geometry through (5.46). This constitutes a link between the dimensional rate
of rotation Ω and the fluid properties and is the annular flow version of the Reiner–Rivlin
relationship ([9, Sec. 5.2] and [17]), by which measurement of Ω allows estimation of the
fluid parameters T0 and H0.
For a > 0, (5.12) and (5.13) describe the emerging helical flow field, with both transverse
and axial components w (s) , v (s), while (5.10) and (5.11) show the variation of the yield
boundary s¯ and the parameter σ caused by the axial flow. Note that from (5.32) s¯2 > 0; that
is, the yield boundary is shifted outward when an axial flow is introduced, quantifying what
can be predicted qualitatively on physical grounds. This variation of the freeze boundary is
confirmed by plotting the first two terms of (5.10) for a range of a values – see Figure 5.1.
Furthermore, from (5.15), it is seen that w′2 (s) < 0 on si ≤ s ≤ s¯0, and from (5.19) and
(5.22), that w2 (s¯0) = 0, hence it can be deduced that w2 (si) > 0. Thus, the addition of
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axial flow has the effect of increasing the angular speed of the inner cylinder as shown in
Figure 5.2.
It is of interest to consider the variation in the location of the yield boundary, s = s¯ as the
yield stress, τ0, varies. As noted above, as τ0 decreases, s¯ shifts towards the outer cylindrical
boundary, s = so. Eventually, τ0 reduces to a value τ0 = τ
∗
0 , say, for which s¯ = so; i.e., the
yield boundary coincides with the outer cylinder. Both the non–slip and freeze boundary
conditions now apply at s = so. The expansions (5.10) together with (5.27) and (5.32) now
give
so =
1√
τ∗0
+
a2
4τ∗0
√
τ∗0
(
1
τ∗0
− σ20
)2
+O(a4),
a relationship linking τ∗0 with the cylinder geometry, for given a.
For τ0 < τ
∗
0 , s¯ lies outside the intercylindrical gap and the freeze condition at s = s¯ has no
relevance to the flow between the cylinders, which now is all fluid, with non–slip conditions
at s = si and s = so. However, τ0 is still present in the equations of motion, and has an
effect on the resulting fluid velocity field.
When τ0 → 0, s¯→∞, and in the limit of τ0 = 0 , the flow reduces to that of the Newtonian
fluid, considered in Section 4.1. Substituting τ0 = 0 in the expansions for v(s), w(s), σ and
ω reduces these to those for Newtonian flow, with only v1(s), w0(s), σ0 and wo(si) remaining
as nonzero quantities.
This problem may also be solved numerically and compared with the perturbation results.
Numerical solutions for w (s) and v (s) can be found, for appropriately selected si, a and τ0
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values, once σ and s¯ have been found using appropriate boundary conditions. To find the
values for σ and s¯, the two constraint equations
∫ s¯
si
v′(s)ds = 0 and w′ (s¯) = 0, given by
combining (3.67) with (3.68) into definite integral and (3.70) respectively, were used. This
gives a system of two equations in the two unknowns fi(σ, s¯) = 0, i = 1, 2. The MATLAB c©
function fminsearch was then used to find the point (σ, s¯) which minimized the maximum
of |fi(σ, s¯)|, i = 1, 2. Typical maximum values of |fi(σ, s¯)| were found to be in the order of
10−18. It must be noted that this minimization problem is non-trivial, a good solution only
being found if the initial guess was close to the exact solution. For this reason, the estimate
of (σ, s¯) given by the analytical approximation was used as the initial guess. Once σ and s¯
are known, ω can be found numerically using ω = − ∫ s¯si w′(s)ds.
Figures 5.3 and 5.4 compare the approximations given by the first two terms of (5.12)
and (5.13) and the corresponding numerical results for small a and convenient choices for
the fluid parameters and cylinder geometry. The agreement between the analytical and
numerical approximate solutions is clearly very good. Note that the agreement between the
two solutions only falls off at higher values of a. Table 5.1 displays the modulus of the
difference in the values of the parameters σ, s¯ and ω, calculated by the perturbation and
numerical methods, as a increases.
Figures 5.5 and 5.6 display the fluid viscosity and the shear stress profile inside the gap
in terms of small a. The analytical approximate solutions for the viscosity and the shear
stress, given by (5.40) and (5.41) respectively, compare well with the numerical results. In
addition, it can be seen that at the freeze boundary s¯ = 1.2082, the shear stress has the
value τ0 = 0.6872, while the viscosity tends to infinity. Figure 5.7 displays the axial flow
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rate, q, expansion, given by (5.45) as a function of a, showing that q increases quadratically
as a increases. Figures 5.8, which is created from (5.8) and (5.9) along with the numerical
procedure, confirms the linear relationship between the shear stress τ and rate of shearing κ
that is a property of the Bingham fluid.
5.3.2 The floating core problem with small m
With regard to the solutions of Section 5.2, expansions for the functions w(s) and v(s) in
the inner and outer fluid regions are given by (5.57), (5.59) and (5.58), (5.60) respectively.
Asymptotic expansions for the freeze boundaries of the solid core region, s¯i, s¯o, the parameter,
σ, the rate of rotation of the inner cylinder, ω and the axial flow rate q (all of which vary with
m) are given by (5.54), (5.55), (5.56), (5.117) and (5.118). The leading order term (m = 0)
corresponds to pure axial flow. The dimensionless parameter m, given by the second of
(5.50), is assumed small, being the inverse of a in the previous problem. Again it should be
noted that m is a ratio of dimensional terms and hence none of these terms, of necessity,
needs to be small for m to be small – see Section 3.5.2.
When m > 0, giving the transition to helical flow, the expansions (5.57) to (5.60) give
the two velocity profiles in the inner and outer fluid regions. From (5.109), it can be seen
that when the pure axial flow (m = 0) shifts to helical flow (m > 0), the O(m2) terms of
the freeze boundaries terms always narrow the core. Figure 5.9, which was created using the
first two terms of the expansions (5.54), (5.55) and (5.56), clearly shows that the small m
also shifts the plug flow region outward as can be seen by the changing location of the center
of the floating core.
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As in Section 5.3.1, it is useful to consider the role that deceasing the yield stress, τ0,
plays in the fluid flow profile. Already, (5.91) shows that τ0 must be bounded above for a
floating core to exist.
As τ0 reduces, the second term in (5.109) increases, so that the floating core width reduces.
Eventually, τ0 reduces to a value τ
∗
0 , where s¯o = s¯i. This is given, approximately, from (5.108)
as the solution of
s¯o0 − s¯i0 − (s¯o2 − s¯i2) = 0,
where s¯o0, s¯i0, s¯o2, s¯i2 are given by (5.88), (5.98) and (5.99).
For τ0 < τ
∗
0 , there is no floating core, and the axial velocity profile is parabolic. Equations
(5.108) and (5.109) now have no relevance to the flow. Note, however, that the fluid flow is
not Newtonian, which only occurs for τ0 = 0, where v(s), w(s), σ and s¯ take on the values in
Section 4.2. Figure 5.10 displays the axial velocity profile when τ0 < τ
∗
0 together with that
of the Newtonian fluid. It can be seen that the peak of Bingham fluid profile is flatter than
the Newtonian fluid. This flat is seen as a leftover from the floating core.
The numerical solutions of this problem may be obtained and compared with the analyti-
cal approximations. Thus, the velocity functions v (s) and w (s) can be found, for given input
values of the parameters si, so,m and τ0, once the values of the unknown parameters s¯i, s¯o
and σ have been solved for. This can be done by combining the first two of (3.83) with the
second of (3.84) into a definite integral and using (3.85), all of which are constraint functions
and can be written in the form fn(σ, s¯i, s¯o) = 0, n = 1, 2, 3. This system of three equations
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in three unknown can then be solved numerically. The MATLAB c© function fminsearch
was again used to find the point (σ, s¯i, s¯o) which minimized the maximum of |fn(σ, s¯i, s¯o)|,
n = 1, 2, 3. Typical maximum values of |fn(σ, s¯i, s¯o)| were found to be in the order of 10−17.
Again, an estimate of (σ, s¯i, s¯o) given by the analytical approximation was used as the ini-
tial guess. The functions w(s) and v(s) can then be found in each of the three regions,
the two fluid regions and the core region. The function w(s) in the outer fluid region is
given by w(s) =
∫ s
so
w′(u)du, which can be evaluated numerically. This enabled evaluation
w(s¯o) = w(s¯i), the angular velocity at the outer freeze boundary, which is also the angular
velocity of the solid core and hence the angular velocity of the inner freeze boundary. The
value for the inner fluid region is then given by w(s) = w(s¯i) +
∫ s
s¯i
w′(u)du. The rate of
rotation of the inner cylinder, ω = w(si), can then be evaluated. The function v(s) can be
found in a similar manner, by transferring the value on the freeze boundary through the solid
core.
Figures 5.11 and 5.12 were generated using the first two terms of the perturbation ex-
pansions based on a small m and the numerical solutions. The solid core can be clearly
seen, being the region with constant angular and axial velocities. The two solution methods
show very good agreement. The discrepancy between the two methods again arises at higher
values of m. This can be seen by calculating the absolute value of the difference between the
analytical and numerical result for the parameters σ, s¯i, s¯o and ω as m increases – see Table
5.2.
The viscosity η (s) and shear stress τ (s) plots, shown in Figures 5.13 and 5.14 respectively,
were produced using the expansions (5.110, 5.111) and ( 5.112, 5.113) and the numerical
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solutions. At the freeze boundaries s¯i = 0.8738 and s¯o = 1.1012, the shear stress has, for
both regions, the value τ0 = 0.2274, whereas the viscosity increases to infinity.
The influence of the addition of the small m on the translation of the plug flow region,
given by either vi(s¯i) or vo(s¯o), is investigated. Figure 5.15 was generated by applying the
perturbation expansions for s¯i to vi(s¯i) and plotting the expression as a function of m for
a choice of si, so and τ0. As expected, Figure 5.15 shows that the velocity of the core is
influenced by the small m, increasing markedly overall as m increases. Similarly, Figure 5.16
shows the behaviour of the angular velocity of the plug flow region with m. This is obtained
by applying the expansion for the outer freeze boundary s¯o to wo(s¯o). Clearly, increasing m
leads to increasing the angular velocity of the plug flow region. Figure 5.17 is the flow rate
expansion, given by (5.118), and shows the effect of varying m and τ0 on the flow rate. It is
clear that increasing m increases the overall flow rate, while decreasing τ0 increases the flow
rate, quite markedly. Figure 5.18, which was created using the expansions (5.117) based on
small m, shows the relationship between the angular velocity, ω and the small m. It can be
seen that increasing the small m clearly increases the angular velocity.
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Figure 5.1: The variation of the freeze boundary s¯(a), using the first two terms of (5.10), for
a range of a values, where τ0 = 0.6872, si = 0.1221 and so = 1.8779.
Figure 5.2: The variation of the angular velocity ω, using the first two terms of (5.44), for a
range of a values, where τ0 = 0.6872, si = 0.1221 and so = 1.8779.
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Figure 5.3: The analytical approximate solution, using the first two terms of (5.12), for the
annular velocity (solid line) is compared with the numerical solution (dots). The values
τ0 = 0.6872, si = 0.1221, so = 1.8779 and a = 0.0517 have been used.
Figure 5.4: The analytical approximate solution, using the first two terms of (5.13), for
the axial velocity (solid line) is compared with the numerical solution (dots). The values
τ0 = 0.6872, si = 0.1221, so = 1.8779 and a = 0.0517 have been used.
87
Figure 5.5: The approximate analytical solution (solid line), using the first two terms of
(5.40), for the dimensionless viscosity η(s) for the attached core problem (small a), compared
with the numerical solution (dots). The values τ0 = 0.6872, si = 0.1221, so = 1.8779 and
a = 0.0517 have been used.
Figure 5.6: The approximate analytical solution (solid line), using the first two terms of
(5.41), for the dimensionless shear stress τ(s) for the attached core problem (small a), com-
pared with the numerical solution (dots). The values τ0 = 0.6872, si = 0.1221, so = 1.8779
and a = 0.0517 have been used.
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Figure 5.7: The variation of the axial flow rate q, using the first two terms of (5.45), for a
range of a values, where τ0 = 0.6872, si = 0.1221 and so = 1.8779.
Figure 5.8: The analytical solution for τ(κ) (solid line), using (5.8) and (5.9) along with the
numerical solution (dots) for attached core problem (small a). The plots use τ0 = 0.6872, si =
0.1221, so = 1.8779 and a = 0.0517.
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Figure 5.9: The variation of the flow parameters σ, s¯i and s¯o, using the first two terms
of (5.54), (5.55) and (5.56), for a range of m values, where τ0 = 0.2274, si = 0.7368 and
so = 1.2632.
Figure 5.10: The axial velocity profile for τ0 < τ
∗
0 and small m compared with that of the
Newtonian fluid (zero yield stress), where τ0 = 0.0162, si = 0.7368 and so = 1.2632.
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Figure 5.11: The analytical approximate solution, using the first two terms of (5.57) and
(5.59), for the annular velocity (solid line) is compared with the numerical solution (dots).
The values τ0 = 0.2274, si = 0.7368, so = 1.2632 and m = 0.0135 have been used.
Figure 5.12: The analytical approximate solution, using the first two terms of (5.58) and
(5.60), for the axial velocity (solid line) is compared with the numerical solution (dots). The
values τ0 = 0.2274, si = 0.7368, so = 1.2632 and m = 0.0135 have been used.
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Figure 5.13: The approximate analytical solution (solid line), using the first two terms of
(5.110) and (5.111), for the dimensionless viscosity η(s) for the floating core problem (small
m) is compared with the numerical solution (dots). The values τ0 = 0.2274, si = 0.7368, so =
1.2632 and m = 0.0135 have been used.
Figure 5.14: The approximate analytical solution (solid line), using the first two terms of
(5.112) and (5.113), for the dimensionless shear stress τ(s) for the floating core problem
(small m) is compared with the numerical solution (dots). The values τ0 = 0.2274, si =
0.7368, so = 1.2632 and m = 0.0135 have been used.
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Figure 5.15: The variation of the floating core velocity as m increases. The expansion
vi(s¯i) ∼ vi0(s¯i0) +m2vi2(s¯i0) + . . . is used, where τ0 = 0.2274, si = 0.7368 and so = 1.2632.
Figure 5.16: The variation of the constant angular velocity of the plug flow region as m
increases. The expansion wo(s¯o) ∼ wo1(s¯o0)+m2wo3(s¯o0)+. . . is used, where τ0 = 0.2274, si =
0.7368 and so = 1.2632.
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Figure 5.17: The variation of the flow rate, using the first two terms of (5.118), as m and τ0
vary. The values si = 0.7368 and so = 1.2632 have been used.
Figure 5.18: The variation of the angular velocity, ω, using the first two terms of (5.117), as
m varies. The values si = 0.7368 and so = 1.2632 have been used.
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|Numeric−Analytic|
a = 0.0517 a = 0.138 a = 0.302
σ 0.22× 10−5 0.15× 10−2 0.1× 10−1
s¯ 0.14× 10−6 0.77× 10−5 0.27× 10−1
ω 0.9× 10−6 0.68× 10−5 0.42× 10−2
Table 5.1: The absolute value of the difference between the numerical and analytical solution
for the flow parameters of Bingham fluid with attached core as a varies.
|Numeric−Analytic|
m = 0.0135 m = 0.0405 m = 0.0945
σ 0.60× 10−9 0.50× 10−7 0.15× 10−5
s¯i 0.23× 10−8 0.19× 10−6 0.60× 10−5
s¯o 0.14× 10−8 0.11× 10−6 0.37× 10−5
ω 0.18× 10−11 0.37× 10−8 0.26× 10−6
Table 5.2: The absolute value of the difference between the numerical and analytical solution
for the flow parameters of Bingham fluid with floating core as m varies.
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Chapter 6
The Casson fluid model: A shear
thinning fluid model
In this chapter, the Casson fluid model (2.25) is combined with the equations characterizing
the helical flow of the non-Newtonian fluid (presented in Section 3.2) to obtain specific
equations that describe the helical flow of a Casson fluid. These equations are then rendered
dimensionless using the dimension–free variables of Section 3.5. This reformulates them in a
suitable form for approximate solution by perturbation methods based on the limits a → 0
and m → 0, of the parameters a and m given in the first of (3.63) and (3.77). This helical
flow problem is then solved numerically to validate the accuracy of the perturbation results.
Approximate expressions for the fluid flow properties such as the viscosity and shear stress are
then obtained using these analytical approximations of the velocity field, giving information
about the fluid behaviour within the flow in the intercylindrical gap.
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The viscosity law for the viscosity H(K) of the Casson model (2.25) is
H(K) =
(√
T0
K(r)
+
√
H0
)2
, (6.1)
where the positive constants T0 and H0 are the yield stress and the dynamic viscosity, as
defined earlier in Section 2.4, while K(r), the local rate of shearing, is as given by (3.49).
Applying the expressions for the transverse velocity gradient, W ′(r), (3.41) and the local
rate of shearing, K(r), (3.49) to (6.1) yields, on rearrangement,
− M
2pir3
= W ′(r)
 √2T0
−rW ′(r)φ (r,A, γ,M) + 2
√ √
2T0H0
−rW ′(r)φ (r,A, γ,M) +H0
 , (6.2)
where
φ (r,A, γ,M) =
√
1 +
(
2piA
M
)2
r2 (r2 − γ2)2. (6.3)
Then, (6.2) can be rewritten as
W ′ (r) =
√
2T0
H0r
(
1
φ (r,A, γ,M)
+ 2
√
H0√
2T0
√
−rW ′(r)
φ (r,A, γ,M)
− M
2
√
2piT0r2
)
, (6.4)
and if the substitution U(r) =
√−W ′(r) is made, (6.4) becomes
U2(r) +
2
√
2T0
H0r
√
rH0√
2T0φ (r,A, γ,M)
U(r) +
√
2T0
H0r
(
1
φ (r,A, γ,M)
− M
2
√
2piT0r2
)
= 0. (6.5)
Here, we recall that in the fluid region, we assume W ′(r) < 0, so that U(r) is real-valued.
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The quadratic equation in U(r), (6.5), has solutions
U(r) = −
√√
2T0
H0r
(√
1
φ (r,A, γ,M)
±
√
M
2
√
2piT0r2
)
. (6.6)
If these are applied to (6.4), this gives
W ′(r) = −
√
2T0
H0r
(
1√
φ (r,A, γ,M)
±
√
M
2
√
2piT0r2
)2
. (6.7)
Note from (6.7) that since the Casson model has a yield stress property, one of the
solutions W ′(r) must allow for the possibility that not all the fluid has yielded in the inter-
cylindrical gap in the sense that W ′(x) = 0 where x 6= Ro but x is still within the interval
Ri < r < Ro. Hence, the appropriate solution to be selected from (6.7) is
W ′(r) = −
√
2T0
H0r
(
1√
φ (r,A, γ,M)
−
√
M
2
√
2piT0r2
)2
. (6.8)
6.1 Solution for the attached core and small a
As noted in Section 3.4.1, the helical flow with attached core arises on applying a small
axial flow, driven by a small pressure gradient, to an existing annular flow, generated by the
torque per unit length, applied only to the inner cylinder. Then, as in Section 5.1, there is
a solid zone, attached to the outer cylinder, and a fluid zone, adjacent to the inner cylinder,
arising from application of a sufficient rotational stress on the fluid. Furthermore, since a
small pressure gradient is imposed, the solid and fluid zones are preserved.
Use of the dimensionless formulation of Section 3.5.1 together with the choice Hˆ0 = H0
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converts (6.8) to
w′(s) = − 1
s3
(
s
√
τ0
ψ(s, a, σ)
− 1
)2
, (6.9)
while the relationship between v′ (s) and w′(s) as seen in (3.62) is
v′ (s) = as2
(
s2 − σ2)w′ (s) , (6.10)
where ψ(s, a, σ), a, τ0 and σ are defined by
ψ(s, a, σ) =
√
1 + (sa)2 (s2 − σ2)2, a = 2piAR
3
M
, τ0 =
2
√
2piR2
M
T0 and σ =
γ
R
(6.11)
respectively.
Similarly, the dimensionless form of the viscosity profile H (K) (6.1) becomes
η(κ) =
(√
τ0
κ(s)
+ 1
)2
, (6.12)
while (6.12) yields the dimensionless shear stress profile τ (κ) as
τ(κ) =
(√
τ0 +
√
κ(s)
)2
. (6.13)
Here, the local rate of shearing, κ(s), is defined by
κ(s) = −sw′(s)ψ (s, a, σ) . (6.14)
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Note that the dimensionless form of the boundary conditions of this problem are as given
by (3.66) to (3.70).
The unknown quantities in the problem (6.9)–(6.10) and (3.66)–(3.71) are the functions
w (s), v (s) and the constants σ, s¯, ω and q, respectively.
In principle (6.9) may be integrated and application of (3.69) evaluates the constant of
integration in terms of the unknown σ. Then, applying (3.66) gives an equation involving the
three unknowns σ, s¯ and ω. Similarly, (6.10) may be integrated subject to (3.67) and (3.68).
This gives a second equation relating σ and s¯. In addition, applying (3.70) to (6.9) gives an
equation in the two unknowns σ and s¯. Finally, solving this system of three equations would
provide a complete solutions for the problem. Note that q is defined by (3.71).
6.1.1 Perturbation analysis
As noted above, when a, the dimensionless parameter corresponding to A, is assumed small,
analytical approximate solutions to Equations (6.9), (6.10) and (3.66) to (3.71) describing
the helical flow of the Casson fluid may be found using perturbation expansions based on the
limit a→ 0. The observations of Section 5.1.1 lead to proposing expansions of the quantities
s¯, σ, v (s) and w (s) in powers of a as
s¯ ∼ s¯0 + s¯2a2 + s¯4a4 +O(a6), (6.15)
σ ∼ σ0 + σ2a2 + σ4a4 +O(a6), (6.16)
w(s) ∼ w0(s) + w2(s)a2 + w4(s)a4 +O(a6), (6.17)
v(s) ∼ v1(s)a+ v3 (s) a3 + v5(s)a5 +O(a7). (6.18)
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Substituting (6.16) and (6.17) into (6.9) and equating like orders in a give differential
equations for w0 (s) and w2 (s) as
w′0 (s) = −
1
s3
(s
√
τ0 − 1)2 , (6.19)
w′2 (s) =
1
2
√
τ0 (s
√
τ0 − 1)
(
s2 − σ20
)2
(6.20)
respectively, in terms of σ0.
Similarly, the differential equations for v1(s) and v3(s) are given by
v′1(s) = s
2
(
s2 − σ20
)
w′0(s), (6.21)
v′3(s) = s
2(s2 − σ20)w′2(s)− 2σ0σ2s2w′0(s) (6.22)
respectively, in terms of σ0 and σ2.
Applying (6.15) and (6.17) to the boundary condition (3.70) and expanding in powers of
a and equating like orders in a yields
w′0 (s¯0) = 0, (6.23)
w′′0 (s¯0) s¯2 + w
′
2 (s¯0) = 0, (6.24)
while substituting (6.15), (6.17) and (6.18) into (3.67)–(3.69), with similar expansion gives
v1 (si) = 0, (6.25)
v3 (si) = 0, (6.26)
101
v1 (s¯0) = 0, (6.27)
v′1 (s¯0) s¯2 + v3 (s¯0) = 0, (6.28)
w0 (s¯0) = 0, (6.29)
w′0 (s¯0) s¯2 + w2 (s¯0) = 0 (6.30)
respectively, determining the boundary conditions for the leading and higher order terms of
the axial and annular flow components, v(s) and w(s) respectively.
6.1.2 Leading order terms of the expansions
Here, the leading order terms, corresponding to pure annular flow a = 0, are considered; i.e.,
s¯0, σ0 and w0(s) are obtained.
For s¯0, substituting (6.23) into (6.19) gives
s¯0 =
1√
τ0
, (6.31)
giving s¯0 in terms of the known constant, τ0.
Applying the boundary conditions (6.27) and (6.25) to (6.21) yields, on rearranging
σ20 =
∫ s¯0
si
s4w′0 (s) ds∫ s¯0
si
s2w′0 (s) ds
, (6.32)
determining σ20. Note that since w
′
0(s) has one sign over the interval [si, s¯0], σ
2
0 is always
positive as expected.
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Applying (6.19) to (6.32) gives
σ20 =
3τ0
(
s¯40 − s4i
)− 8√τ0 (s¯30 − s3i )+ 6 (s¯20 − s2i )
6τ0
(
s¯20 − s2i
)− 24√τ0 (s¯0 − si) + 12 ln( s¯0si ) , (6.33)
in terms of known and defined quantities.
Finally, integrating (6.19) subject to the freeze boundary condition (6.29) yields
w0(s) = τ0 ln
( s¯0
s
)
+ 2
√
τ0
(
1
s¯0
− 1
s
)
+
1
2
(
1
s2
− 1
s¯20
)
. (6.34)
This, with s¯0 given by (6.31), gives the only velocity component of pure annular flow
(a = 0) as
sw0(s) = s
(
τ0 ln
( s¯0
s
)
+ 2
√
τ0
(
1
s¯0
− 1
s
)
+
1
2
(
1
s2
− 1
s¯20
))
. (6.35)
Note that only τ0 is involved and that σ0 plays no role at this level, but is relevant to the
situation where a > 0; i.e. there is a (small) axial flow.
6.1.3 Higher order terms of the expansions
The higher order velocity field coefficients, w2(s), v1(s) and v3(s), relating to the helical flow
(a > 0), are now obtained from the differential equations (6.20) – (6.22), while the boundary
conditions (6.24) and (6.28) with (6.26) are used to obtain the constants s¯2 and σ2.
For s¯2, substituting (6.19) and (6.20) into (6.24) gives
s¯2 = s¯
3
0
(
s¯20 − σ20
)2
/4. (6.36)
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It must be pointed out that from (6.21) and (6.23), v′1 (s¯0) = 0. So, combining (6.22)
with the boundary conditions (6.26) and (6.28) gives
∫ s¯0
si
s2
(
s2 − σ20
)
w′2 (s) ds− 2σ0σ2
∫ s¯0
si
s2w′0 (s) ds = 0. (6.37)
Rearranging (6.37) gives
σ2 =
∫ s¯0
si
s2
(
s2 − σ20
)
w′2 (s) ds
2σ0
∫ s¯0
si
s2w′0 (s) ds
. (6.38)
Integrating (6.20), (6.21), (6.22) and applying the freeze boundary conditions (6.23) and
(6.30), while noting the inner boundary conditions (6.25) and (6.26) respectively, yield higher
order terms for the velocity field components w2(s), v1(s), v3(s) as
w2(s) =
√
τ0
60
[
5
√
τ0
(
s6 − s¯60
)− 6 (s5 − s¯50)− 15σ20√τ0 (s4 − s¯40)+ 20σ20 (s3 − s¯30)+
15σ40
√
τ0
(
s2 − s¯20
)− 30σ40 (s− s¯0) ], (6.39)
v1(s) =
τ0
4
(
s4 − s4i
)
+
2
√
τ0
3
(
s3 − s3i
)
+
σ20τ0
2
(
s2 − s2i
)− 1
2
(
s2 − s2i
)−
2σ20
√
τ0 (s− si) + σ20 ln
(
s
si
)
, (6.40)
v3 (s) =
τ0
80
[
4
(
s10 − s10i
)− 15σ20 (s8 − s8i )+ 20σ40 (s6 − s6i )− 10σ60 (s4 − s4i ) ]−
√
τ0
1260
[
70
(
s9 − s9i
)− 270σ20 (s7 − s7i )+ 378σ40 (s5 − s5i )− 210σ60 (s3 − s3i ) ]+
σ0σ2
[
τ0
(
s2 − s2i
)− 4√τ0 (s− si) + 2 ln( s
si
)]
. (6.41)
To summarize, expansions for w(s) and v(s) are given by (6.17) and (6.18), where
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w0 (s) , w2 (s) , v1 (s) and v3 (s) are given by (6.34), (6.39), (6.40) and (6.41), respectively.
Similarly, expansions for the associated parameters s¯ and σ are given by (6.15) and (6.16),
where s¯0, s¯2, σ0 and σ2 are given by (6.31), (6.36), (6.33) and (6.38), respectively.
6.1.4 Application of the expansions to fluid flow properties
The expansions for the velocity field components in the fluid region shown above may be
used to obtain approximations for a range of fluid functions, that typify the properties of the
Casson fluid in this helical flow geometry. Two significant quantities are the viscosity, η(s),
and the shear stress, τ(s), given by (6.12) and (6.13) respectively. These approximations
display the variation of fluid flow properties as s varies across the flow region, from si to s¯.
Substitution of the perturbation expansions for w(s) and σ into (6.12) and (6.13) gives
analytical approximations for η(s) and τ(s) as
η(s) =
(√
− τ0
sw′0(s)
+ 1
)2
−
(
s2w′0(s)
(
s2 − σ20
)2
+ 2w′2(s)
)(√
− τ0
2w′0(s)
− τ0
2w′0(s)
)
2w′0(s)
 a2 +O(a4), (6.42)
τ(s) =
(√
τ0 +
√
−sw′0(s)
)2
+
(
s2w′0(s)
(
s2 − σ20
)2
+ 2w′2(s)
)(√−τ0sw′0(s)− sw′0(s))
2w′0(s)
 a2 +O(a4) (6.43)
respectively, in terms of known quantities.
Two significant constant quantities related to this flow are the angular velocity, ω, at the
inner cylinder and the axial flow rate, q, given by (3.66) and (3.71) respectively. Applying
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the perturbation expansions to (3.66) and (3.71) give expansions for ω and q in powers of a
as
ω ∼ w0(si) + w2(si)a2 +O(a4), (6.44)
q ∼ −a
∫ s¯0
si
s4
(
s2 − σ20
)
w′0(s)ds−
a3
∫ s¯0
si
[
s4(s2 − σ20)w′2(s)− 2σ0σ2s4w′0(s)
]
ds+O(a5), (6.45)
where, from (6.34) and (6.39),
w0(si) = τ0 ln
(
s¯0
si
)
+ 2
√
τ0
(
1
s¯0
− 1
si
)
+
1
2
(
1
s2i
− 1
s¯20
)
, (6.46)
w2(si) =
√
τ0
60
[
5
√
τ0
(
s6i − s¯60
)− 6 (s5i − s¯50)− 15σ20√τ0 (s4i − s¯40)+ 20σ20 (s3i − s¯30)+
15σ40
√
τ0
(
s2i − s¯20
)− 30σ40 (si − s¯0) ], (6.47)
while w′0(s) and w′2(s) are as given by (6.19) and (6.20), respectively.
6.2 Solution for the floating core and small m
In this Section, helical flow with a floating core as described in Section 3.4.2 is considered.
Such a flow is produced by combining a small annular flow induced by a small torque per unit
length, applied to the inner cylinder while the outer is held fixed, with an existing axial flow
driven by a constant pressure gradient. It is assumed that the application of a sufficiently
axial pressure gradient produces the axial flow with floating core. In addition, since a small
annular flow is assumed, the freeze boundaries of the floating core will remain in the helical
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flow field.
Applying the dimension–free formulation of Section 3.5.2 jointly with the selection of
Hˆ0 = H0 recasts (6.8) as
w′(s) = −m
s3
(
s
√
τ0
ψ(s,m, σ)
− 1
)
, (6.48)
while the equation linking w′(s) and v′(s), as presented in (3.79), is
v′(s) = s2(s2 − σ2)w′(s)/m, (6.49)
where ψ(s,m, σ), m and τ0 are given by
ψ(s,m, σ) =
√
m2 + s2 (s2 − σ2)2, m = M
2piR3A
, τ0 =
√
2T0
RA
and σ =
γ
R
(6.50)
respectively. It is important to note that τ0, which has been used here, is the same symbol
in the preceding problem but has different definition.
As in Section 6.1, the viscosity and shear stress profiles are, in dimensionless form,
η(κ) =
(√
τ0
κ(s)
+ 1
)2
, (6.51)
τ(κ) =
(√
τ0 +
√
κ(s)
)2
, (6.52)
where now the rate of shearing, κ(s), is defined by
κ(s) = −sw′(s)ψ(s,m, σ)/m. (6.53)
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Note that the dimensionless form of the boundary conditions of this problem are still
given by (3.82) to (3.85).
Again, the two functions w(s) and v(s) together with the associated parameters σ, s¯i, s¯o, ω
and q, given by (6.48), (6.49) and (3.82) to (3.86) respectively, are unknown quantities, while
m and τ0 are assumed given. As in the procedure described in Section 5.2, these seven
unknown quantities may in principle be found by solving the system of seven equations. So,
combining the first two of (3.83) with the last of (3.84) into a definite integral and considering
(3.85) give three equation containing σ, s¯i and s¯o. In addition, w(s) and v(s) can be evaluated
by integrating w′(s) and v′(s) subject to the last two of (3.83). Finally, ω and q are obtained
form (3.82) and (3.86), respectively.
6.2.1 Perturbation analysis
Under the assumption of small m, (the dimensionless parameter corresponding to M), a
perturbation procedure based on the limit m → 0 is used to obtain expansions for the
quantities s¯i, s¯0, σ, w (s) and v (s). It is important to note that the velocity field components
w (s) and v (s) will differ in the inner fluid zone si ≤ s < s¯i and outer fluid zone s¯o < s ≤ so,
so, in what follows, they will be denoted by wi (s) , vi (s) and wo (s) , vo (s) respectively in
these fluid regions. Again, in view of the discussion of Section 5.2.1, expansions of the
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quantities s¯i, s¯0, σ, wi (s) , vi (s), wo (s) and vo (s) are proposed as
s¯i ∼ s¯i0 + s¯i2m2 + s¯i4m4 +O(m6), (6.54)
s¯o ∼ s¯o0 + s¯o2m2 + s¯o4m4 +O(m6), (6.55)
σ ∼ σ0 + σ2m2 + σ4m4 +O(m6), (6.56)
wi(s) ∼ wi1(s)m+ wi3(s)m3 + wi5(s)m5 +O(m7), (6.57)
vi(s) ∼ vi0(s) + vi2(s)m2 + vi4(s)m4 +O(m6), (6.58)
wo(s) ∼ wo1(s)m+ wo3(s)m3 + wo5(s)m5 +O(m7), (6.59)
vo(s) ∼ vo0(s) + vo2(s)m2 + vo4(s)m4 +O(m6). (6.60)
Substituting (6.56) – (6.57) into (6.48) as well as (6.56), (6.57) and (6.58) into (6.49) yield,
on equating like powers of m, a sequence of differential equations for wi1(s), wi3(s), vi0(s) and
vi2(s) as
w′i1(s) = −
1
s3
(
s
√
τ0
s
(
σ20 − s2
) − 1)2 , (6.61)
w′i3(s) =
(
τ0
s2−σ20
+
√
τ0
s(σ20−s2)
)(
4s2σ0σ2
(
s2 − σ20
)− 1)
2s4
(
s2 − σ20
)2 , (6.62)
v′i0(s) = s
2
(
s2 − σ20
)
w′i1(s), (6.63)
v′i2(s) = s
2
(
s2 − σ20
)
w′i3(s)− 2σ0σ2s2w′i1(s) (6.64)
respectively, for the first few coefficient functions win (s) and vin (s) in the inner fluid region.
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In a like manner, differential equations for wo1(s), wo3(s), vo0(s) and vo2(s) are given by
w′o1(s) = −
1
s3
(
s
√
τ0
s
(
s2 − σ20
) − 1)2 , (6.65)
w′o3(s) = −
(
τ0
s2−σ20
−√ τ0
s(s2−σ20)
)(
4s2σ0σ2
(
s2 − σ20
)− 1)
2s4
(
s2 − σ20
)2 , (6.66)
v′o0(s) = s
2
(
s2 − σ20
)
w′o1(s), (6.67)
v′o2(s) = s
2
(
s2 − σ20
)
w′o3(s)− 2σ0σ2s2w′o1(s), (6.68)
respectively, for the outer fluid region.
As demonstrated in Chapter 5, (6.61) – (6.68) take account of the fact that s < σ0 and
s > σ0 in the inner and outer fluid regions, respectively. In addition, the differential equations
(6.61) - (6.68) must satisfy the non–slip conditions (3.82), (3.83) and continuity condition
(3.84) together with the freeze boundary conditions (3.85).
Applying the expansions (6.57) – (6.60) to (3.83) and equating coefficients of like powers
of m gives
vi0(si) = 0, vi2(si) = 0, (6.69)
arising from the non–slip condition at the inner cylinder, and
wo1(so) = 0, wo3(so) = 0, (6.70)
vo0(so) = 0, vo2(so) = 0, (6.71)
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from the non–slip condition at the outer cylinder.
The continuity conditions (3.84) then yield, on similarly applying (6.54) and (6.55),
wi1(s¯i0) = wo1(s¯o0), (6.72)
wi3(s¯i0) + w
′
i1(s¯i0)s¯i2 = w
′
o1(s¯o0)s¯o2 + wo3(s¯o0), (6.73)
vi0(s¯i0) = vo0(s¯o0), (6.74)
vi2(s¯i0) + v
′
i0(s¯i0)s¯i2 = v
′
o0(s¯o0)s¯o2 + vo2(s¯o0), (6.75)
while the freeze boundary conditions (3.85) give
w′i1(s¯i0) = 0, (6.76)
w
′′
i1(s¯i0)s¯i2 + w
′
i3(s¯i0) = 0, (6.77)
w′o1(s¯o0) = 0, (6.78)
w
′′
o1(s¯o0)s¯o2 + w
′
o3(s¯o0) = 0. (6.79)
6.2.2 Leading order terms of the expansions
Here, the leading order terms of (6.54) – (6.56), (6.58) and (6.60) are obtained. These
correspond to pure axial flow (m = 0), in the inner and outer fluid regions.
Thus, for s¯i0 and s¯o0, applying (6.76) to (6.61) and (6.78) to (6.65) yield
s¯i0 = −τ0
2
+
√
τ20 + 4σ
2
0
2
and s¯o0 =
τ0
2
+
√
τ20 + 4σ
2
0
2
. (6.80)
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If the first of (6.80) is rearranged, σ20 is defined completely in terms of s¯i0 by
σ20 = s¯i0(s¯i0 + τ0). (6.81)
Note that applying the first of (6.80) to the second yields the relationship between the
two freeze boundaries as
s¯o0 = s¯i0 + τ0 or s¯o0 − s¯i0 = τ0. (6.82)
From (6.82), it important to note that τ0 represents the width of the plug flow region; and
in order to have a floating core in the gap, τ0 must be restricted by the following condition
τ0 < so − si. (6.83)
Integrating (6.63) subject to the first of (6.69) and (6.67) subject to the first of (6.71)
give
vi0(s) =
∫ s
si
−1
s
(
s2 − σ20
)(
s
√
τ0
s
(
σ20 − s2
) − 1)2 ds, (6.84)
vo0(s) =
∫ s
so
−1
s
(
s2 − σ20
)(
s
√
τ0
s
(
s2 − σ20
) − 1)2 ds. (6.85)
Substituting (6.84) and (6.85) into (6.74) and applying (6.82) gives an equation for s¯i0 as
GC (s¯i0) = 0, (6.86)
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where the function GC(λ) is given by
GC (λ) = τ0
(
3
(
λ+
τ0
2
)
− (si + so)
)
+
1
2
(
s2i − s2o
)
+ λ (λ+ τ0) ln
(
λso
si (λ+ τ0)
)
+
2
∫ λ
si
√
τ0
s
(λ (λ+ τ0)− s2)ds− 2
∫ λ+τ0
so
√
τ0
s
(s2 − λ (λ+ τ0))ds. (6.87)
It must be pointed out that since λ (λ+ τ0) > s
2 in the interval si ≤ s ≤ λ and
λ (λ+ τ0) < s
2 on λ + τ0 ≤ s ≤ so, the two integral terms in (6.87) are always real and
positive.
From the form of GC(λ), it is clearly seen that s¯i0 must be found numerically. The
following properties establish that (6.86) has exactly one solution s¯i0 lying in the interval
(si, so − τ0). As in Section 5.2, these are :
• The derivative of GC(λ) has only a single sign on the interval si < λ < so − τ0.
• The function GC(λ) satisfies the conditions that
GC(si) < 0 and GC(so − τ0) > 0. (6.88)
Using Leibnitz’s Rule (Hildebrand [36, Ch. 3]), G′C (λ) is given by
G′C (λ) = 4τ0 + (2λ+ τ0)
(
ln
(
λ
si
)
+ ln
(
so
λ+ τ0
))
+∫ λ
si
τ0 (2λ+ τ0)√
τ0
s (λ (λ+ τ0)− s2)
ds+
∫ λ+τ0
so
τ0 (2λ+ τ0)√
τ0
s (s
2 − λ (λ+ τ0))
ds. (6.89)
Note that λ lies in the interval si < λ < so− τ0, so that the logarithm terms of (6.89) are
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positive. Therefore, since the two integral terms follow the discussion of (6.87), GC (λ) is a
monotonically increasing function of λ on si < λ < so − τ0.
Using the fact that, ln(x) ≤ x− 1, for x > 0 (see Bullen [12, Ch. 1]), (6.87) gives
GC(si) ≤ τ0
(
2si +
3τ0
2
− so
)
+
1
2
(
s2i − s2o
)
+ si (si + τ0)
(
so
si + τ0
− 1
)
−
2
∫ si+τ0
so
√
τ0
s
(s2 − si (si + τ0))ds,
= −τ0
[
(so − si)− τ0
]− 1
2
[
(so − si)2 − τ20
]
−2
∫ si+τ0
so
√
τ0
s
(s2 − si (si + τ0))ds
< 0, (6.90)
satisfying the first of (6.88).
Similarly, using the inequality ln(x) ≥ 1− 1x , for x > 0 (see [12, Ch. 1]), (6.87) becomes
GC (so − τ0) ≥ τ0
(
2so − 3τ0
2
− si
)
+
1
2
(
s2i − s2o
)
+ so (so − τ0)
(
1− si
so − τ0
)
+
2
∫ so−τ0
si
√
τ0
s
(so (so − τ0)− s2)ds,
= τ0
[
(so − si)− τ0
]
+
1
2
[
(so − si)2 − τ20
]
+
2
∫ so−τ0
si
√
τ0
s
(so (so − τ0)− s2)ds
> 0, (6.91)
which is the second of (6.88).
From (6.90) and (6.91), it is noted that s¯i0 is in the interval (si, so − τ0) and hence the
outer feeze boundary, s¯o0 = s¯i0 + τ0, must be in the interval (si + τ0, so). Since both of the
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inner and outer freeze boundaries are located in the gap, the plug flow region with floating
core always exists.
6.2.3 Higher order terms of the expansions
Applying (6.61) and (6.62) to (6.77) gives
s¯i2 =
1− 4s¯2i0σ0σ2
(
s¯2i0 − σ20
)
2s¯3i0τ0 (τ0 + 2s¯i0)
, (6.92)
while from (6.65), (6.66) and (6.79)
s¯o2 =
1− 4s¯2o0σ0σ2
(
s¯2o0 − σ20
)
2s¯3o0τ0 (τ0 − 2s¯o0)
. (6.93)
Applying both (6.76) and (6.78) to each of (6.73) and (6.75) gives
wi3(s¯i0) = wo3(s¯o0), (6.94)
vi2(s¯i0) = vo2(s¯o0). (6.95)
Integrating (6.64) and (6.68) subject to the second of (6.69) and (6.71), the boundary
conditions at the inner and outer cylinders respectively, yield
vi2(s) =
∫ s
si
(s2
(
s2 − σ20
)
w′i3(s)− 2σ0σ2s2w′i1(s))ds, (6.96)
vo2(s) =
∫ s
so
(s2
(
s2 − σ20
)
w′o3(s)− 2σ0σ2s2w′o1(s))ds, (6.97)
where w′i1(s), w
′
i3(s), w
′
o1(s) and w
′
o3(s) are given by (6.61), (6.62), (6.65) and (6.66), respec-
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tively.
Substituting (6.96) and (6.97) into (6.95) and rearranging gives σ2 as
σ2 =
∫ s¯o0
so
s2
(
s2 − σ20
)
w′o3(s)ds−
∫ s¯i0
si
s2
(
s2 − σ20
)
w′i3(s)ds
2σ0
(∫ s¯o0
so
s2w′o1(s)ds−
∫ s¯i0
si
s2w′i1(s)ds
) , (6.98)
in terms of known and defined quantities.
For the annular fluid velocity components, integrating (6.65) subject to the boundary
condition at s = so, the first of (6.70), gives
wo1(s) =
∫ s
so
− 1
s3
(
s
√
τ0
s
(
s2 − σ20
) − 1)2 ds. (6.99)
Integrating (6.61) subject to the boundary condition (6.72), where it is noted that the
right hand side of (6.72) is now known, yields
wi1(s) =
∫ s
s¯i0
− 1
s3
(
s
√
τ0
s
(
σ20 − s2
) − 1)2 ds−
∫ s¯o0
so
− 1
s3
(
s
√
τ0
s
(
s2 − σ20
) − 1)2 ds. (6.100)
In a like manner, integrating (6.66) and (6.62) in terms of the second of (6.70) and (6.94)
respectively, give
wo3(s) =
∫ s
so
−
(
τ0
s2−σ20
−√ τ0
s(s2−σ20)
)(
4s2σ0σ2
(
s2 − σ20
)− 1)
2s4
(
s2 − σ20
)2 ds (6.101)
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and
wi3(s) =
∫ s
s¯i0
(
τ0
s2−σ20
+
√
τ0
s(σ20−s2)
)(
4s2σ0σ2
(
s2 − σ20
)− 1)
2s4
(
s2 − σ20
)2 ds+
∫ s¯o0
so
(
τ0
s2−σ20
−√ τ0
s(s2−σ20)
)(
4s2σ0σ2
(
s2 − σ20
)− 1)
2s4
(
s2 − σ20
)2 ds. (6.102)
To recapitulate, the inner region expansions for win(s) and vin(s) are given by (6.57) and
(6.58), where wi1(s), wi3(s), vi0(s) and vi2(s) are given by (6.100), (6.102), (6.84) and (6.96),
respectively.
The outer region expansions for won(s) and von(s) are given by (6.59) and (6.60), where
wo1(s), wo3(s), vo0(s) and vo2(s) are given by (6.99), (6.101), (6.85) and (6.97), respectively.
The expansions for the associated parameters s¯i, s¯o and σ are given by (6.54), (6.55) and
(6.56) respectively, where s¯i2, s¯o2, σ2 are given by (6.92), (6.93) and (6.98), while σ0 and s¯o0
are given by (6.81) and (6.82) respectively, on solving (6.86) numerically to obtain s¯i0.
Applying a parallel method to that of Chapter 5, an expansions for the thickness of the
floating core is given by
s¯o − s¯i = (s¯o0 − s¯i0) +m2 (s¯o2 − s¯i2) + · · · . (6.103)
Applying σ20 = s¯i0s¯o0 to the O(m2) term in (6.103) and using (6.92), (6.93) gives,
s¯o − s¯i = (s¯o0 − s¯i0)−
[
1
2τ0 (τ0 + 2s¯o0)
(
1
s¯3o0
+
1
s¯3i0
)]
m2 + · · · , (6.104)
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an expansion for the floating core thickness.
6.2.4 Application of the expansions to fluid flow properties
In a similar fashion to the preceding section, the viscosity η(s) and the shear stress τ(s)
profiles, given by (6.51) and (6.52) respectively, display the variations of the properties of
the fluid within the intercylindrical gap in this helical motion. So, applying the expansions
above to (6.51) and (6.52) give analytical expressions for the viscosity η(s) and the shear
stress τ(s) for the inner and outer fluid regions as
ηi (s) =
(√
τ0
s2
(
s2 − σ20
)
w′i1
+ 1
)2
−
{[
τ0
s2
(
s2 − σ20
)
w′i1
+
√
τ0
s2
(
s2 − σ20
)
w′i1
]
×
[
w′i1
(
1− 4σ0σ2s2
(
s2 − σ20
))
+ 2
(
s2 − σ20
)2
w′i3
]/
2s2
(
s2 − σ20
)2
w′i1
}
m2
+ O(m4), (6.105)
ηo (s) =
(√
τ0
s2
(
σ20 − s2
)
w′o1
+ 1
)2
+
{[
τ0
s2
(
s2 − σ20
)
w′o1
−
√
τ0
s2
(
σ20 − s2
)
w′o1
]
×
[
w′o1
(
1− 4σ0σ2s2
(
s2 − σ20
))
+ 2
(
s2 − σ20
)2
w′o3
]/
2s2
(
s2 − σ20
)2
w′o1
}
m2
+ O(m4), (6.106)
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τi (s) =
(√
τ0 +
√
s2
(
s2 − σ20
)
w′i1
)2
+
{[
s2
(
s2 − σ20
)
w′i1 +
√
τ0s2
(
s2 − σ20
)
w′i1
]
×[
w′i1
(
1− 4σ0σ2s2
(
s2 − σ20
))
+ 2
(
s2 − σ20
)2
w′i3
]/
2s2
(
s2 − σ20
)2
w′i1
}
m2
+ O(m4), (6.107)
τo (s) =
(√
τ0 +
√
s2
(
σ20 − s2
)
w′o1
)2
+
{[√
τ0s2
(
σ20 − s2
)
w′o1 − s2
(
s2 − σ20
)
w′o1
]
×[
w′o1
(
1− 4σ0σ2s2
(
s2 − σ20
))
+ 2
(
s2 − σ20
)2
w′o3
]/
2s2
(
s2 − σ20
)2
w′o1
}
m2
+ O(m4). (6.108)
Other significant quantities are the angular velocity ω at the inner cylinder and the axial
flow rate q. These quantities, given by (3.82) and (3.86), are
ω = wi(si), (6.109)
q =
∫ s¯i
si
sv(s)ds+
1
2
(
s¯2o − s¯2i
)
v(s¯i) +
∫ so
s¯o
sv(s)ds. (6.110)
The axial flow rate q can be obtained by integrating the velocity distribution over the
intercylindrical gap. Thus, q can be split in term of the inner fluid, plug flow, and outer fluid
regions as
q =
∫ s¯i
si
svi(s)ds+
1
2
vi(s¯i)
(
s¯2o − s¯2i
)
+
∫ so
s¯o
svo(s)ds. (6.111)
Using the perturbation expansions and equating like orders in m yield analytical approx-
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imations for ω and q as
ω ∼ wi1(si)m+ wi3(si)m3 +O(m5), (6.112)
q ∼
∫ s¯i0
si
svi0(s)ds+
1
2
vi0(s¯i0)
(
s¯2o0 − s¯2i0
)
+
∫ so
s¯o0
svo0(s)ds+
[ ∫ s¯i0
si
svi2(s)ds+
vi0(s¯i0) (s¯o0s¯o2 − s¯i0s¯i2) + 1
2
vi2(s¯i0)
(
s¯2o0 − s¯2i0
)
+
∫ so
s¯o0
svo2(s)ds+
s¯i2s¯i0vi0(s¯i0)− s¯o2s¯o0vo0(s¯o0)
]
m2 +O(m4), (6.113)
where wi1(s) and wi3(s) are as given in (6.100) and (6.102) respectively, while vi0(s), vo0(s), vi2(s)
and vo2(s), are given by (6.84), (6.85), (6.96) and (6.97), respectively.
6.3 Discussion
In this section, the analytical approximate solutions of the preceding two sections, obtained
by the perturbation procedure, will be discussed. Numerical solutions will be obtained for
each of the problems, helical flow with attached and floating core, to check the accuracy of
the analytical approximations. These velocity profiles of the annular and axial flow along
with other flow properties are considered for each of the problems.
6.3.1 The attached core problem with small a
The unknown quantities s¯, σ w(s), v (s), ω and q of Section 6.1 are successfully obtained from
the expansions (6.15), (6.16), (6.17), (6.18), (6.44) and (6.45), respectively. Note that the
smallness of the dimensionless parameter a, given by the second of (6.11), arises from the
assumption of the small dimensional pressure gradient A compared to other terms in the
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ratio – see Section 3.5.1.
For a = 0, the helical flow reduces to the pure annular flow leaving only the leading O(1)
terms of the expansions (6.31), (6.33), (6.34) and (6.46).
From (6.36), s¯2 > 0, that is the addition of the axial flow shifts the freeze boundary
outward. Graphically, this variation of the freeze boundary can be shown by plotting the
first two terms of (6.15) as a function of a – see Figure 6.1. Moreover, from (6.20), w′2 (s) has
a negative slope on si ≤ s ≤ s¯0 and from (6.23) and (6.30), that w2 (s¯0) = 0. Hence it can be
inferred that w2 (si) > 0. Thus, the angular velocity of the inner cylinder is influenced by the
small a, increasing distinctly overall with increasing a – see Figure 6.2. The expansion (6.45)
shows the relationship between the axial flow rate and the small a. As expected, Figure 6.3,
which was generated by plotting the first two terms of (6.45) as a function of a, shows that
the flow rate increasing non–linearly with increasing a.
Numerical solutions are considered here to compare with the analytical approximations.
Thus, applying analogous method to that of Section 5.3.1, the two unknown constants s¯
and σ can be found using the two constraint equations w′ (s¯) = 0 and
∫ s¯
si
v′(s)ds = 0 for
suitably chosen si, τ0 and a. Writing these equations in the form fi(σ, s¯) = 0, i = 1, 2,
and then utilizing the MATLAB c© function fminsearch gives the point (σ, s¯). The typical
maximum values of |fi(σ, s¯)| being of the order 10−17. Note that in view of the clarifications
mentioned in Section 5.3.1, the analytical approximate values for (σ, s¯) were used as the
initial estimate. Once σ and s¯ have been defined, ω can be evaluated using ω = − ∫ s¯si w′(s)ds.
Finally, numerical solutions for w(s) and v(s) can be evaluated using w(s) =
∫ s
s¯ w
′(u)du and
v(s) =
∫ s
si
v′(u)du, respectively.
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Figures 6.4 and 6.5 show the velocity profile for w(s) and v(s) respectively, and compare
asymptotic approximations with numerical solutions. It is clear that there is good agreement
between the analytical and numerical results. The discrepancy between the two methods can
be seen as the value of a is increased as shown in Table 6.1.
Figures 6.6 and 6.7 show the viscosity and the shear stress profiles. These were generated
from the first two terms of the expansions (6.42) and (6.43) together with the numerical
results. At the freeze boundary s¯ = 1.2082, the viscosity increases to infinity, while the shear
stress tends to the value τ0 = 0.6872. Figure 6.8, which was created from (6.12) and (6.13)
along with the numerical results, confirms the decreasing viscosity of the fluid (corresponding
to the slope of the curve) as the rate of shearing, κ, increases. This implies that the fluid
has a shear thinning behaviour which is an essential property of the Casson fluid.
6.3.2 The floating core problem with small m
The expansions (6.57), (6.59), (6.58), (6.60), (6.54), (6.55), (6.56), (6.112) and (6.113) of
Section 6.2 are explicit, readily compute approximate expressions for the fluid velocity com-
ponents wi (s) , wo (s) , vi (s) , vo (s) and the associate constants s¯i, s¯o, σ, ω and q, respectively.
It is expected that these expansions are accurate for appropriate small positive value of the
dimensionless parameter m. The smallness of m is obtained by assuming a small dimensional
torque M compared to the other terms in the ratio – see the second of (6.50).
For the case of m = 0, there is only an axial flow existing inside the gap where the leading
O(1) terms vi0, vo0, s¯i0, s¯o0 and σ0 describe the flow. Whenm > 0, the pure axial flow switches
to helical flow and the higher order terms of the perturbation expansions represent the flow.
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From (6.104), the thickness of the floating core is strongly influenced by the addition of the
small m, decreasing with increasing m. Figure 6.9 was created using the first two terms of
the expansions (6.54) to (6.56) in terms of a small range of m and appropriate τ0, si and so
values. It can be seen that the plug flow region is moved out, that is the inner freeze radius
increases faster than the outer freeze radius decreases.
Numerical solutions can again be found using a parallel procedure to that of Section 5.3.2.
The three unknown constants σ, s¯i and s¯o are determined by solving the three constraint
equations
∫ s¯i
si
v′(s)ds +
∫ so
s¯o
v′(s)ds = 0, w′(s¯i) = 0 and w′(s¯o) = 0, given by combining the
first two of (3.83) with the last of (3.84) and (3.85), respectively. Choosing the analytical
approximate values for σ, s¯i and s¯o as an initial estimate and searching for a solution to
the set of simultaneous equations with the MATLAB c© function fminsearch gives the point
(σ, s¯i, s¯o). Typical maximum values of the constraint equations were found to be of order of
10−19. Once these flow parameters are determined, the numerical solution for the functions
w(s) can be found in the three regions, the inner and outer fluid regions and the plug region.
For the outer region, the function w(s) can be found using w(s) =
∫ s
so
w′(t)dt. Subsequently,
the angular velocity of the plug can be obtained by w(s¯o) = w(s¯i). For the inner fluid region,
the function w(s) is then given by w(s) = w(s¯i) +
∫ s
s¯i
w′(t)dt. Thus, the rate of rotation
of the inner cylinder ω is given by ω = w(si). Finally, the function v(s) can be found in a
similar method of the function w(s).
In Figures 6.10 and 6.11, the approximate velocity profiles w(s) and v(s) are shown
using the first two terms of the perturbation expansions. The horizontal sections of these
profiles, shown in Figures 6.10 and 6.11, correspond to the solid floating core and give the
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constant angular and axial velocities respectively. The agreement between the analytical and
numerical approximations is again seen to be very good. Table 6.2 again gives evidence that
the analytical approximation gets worse as m increases.
Figures 6.12 and 6.13, which were generated using the first two terms of (6.105, 6.106) and
(6.107, 6.108), together with the numerical results, show the viscosity η(s) and shear stress
τ(s) profiles within the gaps. At the two freeze boundaries, s¯i = 0.8703 and s¯o = 1.0972, the
viscosity tends to infinity in the inner and outer fluid regions, while the shear stress has the
value τ0 = 0.2274 in both regions.
Figure 6.14 plots the axial velocity of the floating core as a function of m. It can be seen
that increasing m, which can be achieved by increasing M , has the effect of increasing the
axial velocity of the core. Figure 6.15 shows the relationship between the angular velocity
of the plug flow region and small m. Clearly, the angular velocity is strongly affected by the
changes of m, increasing quite markedly with increasing m. Figure 6.16, which was obtained
using the first two terms of the expansion (6.113), shows how the flow rate, q, varies with
m and τ0. Increasing m increases the flow rate, while increasing τ0 decreases the flow rate
as one might expect. The first two terms of the expansion (6.112) give a plot of the angular
velocity of the inner cylinder, ω, as a function of m and is shown in Figure 6.17. It can
be seen that the the angular velocity is proportional to small m, increasing distinctly as m
increases.
Figure 6.18 shows the shear stress profiles for the Bingham and the Casson fluids, given
by (5.8) and (6.13) respectively, for the same yield stress τ0 = 0.2274. This shows that for a
particular local rate of shearing κ, the Casson fluid always requires a shear stress larger than
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the Bingham fluid. As expected, for the same yield stress τ0, the velocity profiles from the
two problems for the Bingham fluid are always above that of the Casson fluid, as shown in
Figures 6.19 – 6.22.
Figure 6.1: The variation of the freeze boundary as a function of a, where τ0 = 0.6872,
si = 0.1221 and so = 1.8779.
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Figure 6.2: The variation of the angular velocity ω, using the first two terms of (6.44), for a
range of a values, where τ0 = 0.6872, si = 0.1221 and so = 1.8779.
Figure 6.3: The variation of the axial flow rate q, using the first two terms of (6.45), for a
range of a values, where τ0 = 0.6872, si = 0.1221 and so = 1.8779.
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Figure 6.4: The analytical approximate solution for the annular velocity (solid line) is com-
pared with the numerical solution (dots). The values τ0 = 0.6872, si = 0.1221, so = 1.8779
and a = 0.0517 have been used.
Figure 6.5: The analytical approximate solution for the axial velocity (solid line) is compared
with the numerical solution (dots). The values τ0 = 0.6872, si = 0.1221, so = 1.8779 and
a = 0.0517 have been used.
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Figure 6.6: The approximate analytical solution (solid line) for the dimensionless viscosity
η(s) for the attached core problem (small a) is compared with the numerical solution (dots).
The values τ0 = 0.6872, si = 0.1221, so = 1.8779 and a = 0.0517 have been used.
Figure 6.7: The approximate analytical solution (solid line) for the dimensionless shear stress
τ(s) for the attached core problem (small a) is compared with the numerical solution (dots).
The values τ0 = 0.6872, si = 0.1221, so = 1.8779 and a = 0.0517 have been used.
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Figure 6.8: The analytical approximation for τ(κ) (solid line) and the numerical solution
(dots) for attached core problem (small a). The plots used τ0 = 0.6872, si = 0.1221, so =
1.8779 and a = 0.0517.
Figure 6.9: The variation of the flow parameters σ, s¯i and s¯o as a function of m, where
τ0 = 0.2274, si = 0.7368 and so = 1.2632.
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Figure 6.10: The analytical approximate solution for the annular velocity (solid line) is
compared with the numerical solution (dots). The values τ0 = 0.2274, si = 0.7368, so =
1.2632 and m = 0.0135 have been used.
Figure 6.11: The analytical approximate solution for the axial velocity (solid line) is compared
with the numerical solution (dots). The values τ0 = 0.2274, si = 0.7368, so = 1.2632 and
m = 0.0135 have been used.
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Figure 6.12: The approximate analytical solution (solid line) for the dimensionless viscosity
η(s) for the floating core problem (small m) is compared with the numerical solution (dots).
The values τ0 = 0.2274, si = 0.7368, so = 1.2632 and m = 0.0135 have been used.
Figure 6.13: The approximate analytical solution (solid line) for the dimensionless shear
stress τ(s) for the floating core problem (small m) is compared with the numerical solution
(dots). The values τ0 = 0.2274, si = 0.7368, so = 1.2632 and m = 0.0135 have been used.
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Figure 6.14: The variation of the floating core axial velocity as m increases. The expansion
vi(s¯i) ∼ vi0(s¯i0) + m2vi2(s¯i0) + . . . is used and the values τ0 = 0.2274, si = 0.7368 and
so = 1.2632 have been used.
Figure 6.15: The variation of the constant angular velocity of the plug flow region as m
increases. The expansion wo(s¯o) ∼ wo1(s¯o0)+m2wo3(s¯o0)+. . . is used, where τ0 = 0.2274, si =
0.7368 and so = 1.2632.
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Figure 6.16: The variation of the flow rate with m and τ0. The values si = 0.7368 and
so = 1.2632 have been used.
Figure 6.17: The variation of the angular velocity, ω, using the first two terms of (6.112), as
m varies. The values si = 0.7368 and so = 1.2632 have been used.
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Figure 6.18: The shear stress profile for Bingham and Casson fluids, where τ0 = 0.2274.
Figure 6.19: The annular flow profile of the attached core for Bingham fluid is compared
with that of Casson fluid, where τ0 = 0.6872.
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Figure 6.20: The axial flow profile of the attached core for Bingham fluid is compared with
that of Casson fluid, where τ0 = 0.6872.
Figure 6.21: The annular flow profile of floating core for Bingham fluid is compared with
that of Casson fluid, where τ0 = 0.2274.
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Figure 6.22: The axial flow profile of the floating core for Bingham fluid is compared with
that of Casson fluid, where τ0 = 0.2274.
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|Numeric−Analytic|
a = 0.0517 a = 0.138 a = 0.302
σ 0.23× 10−8 0.12× 10−6 0.35× 10−5
s¯ 0.18× 10−6 0.98× 10−5 0.36× 10−1
ω 0.13× 10−5 0.92× 10−4 0.45× 10−2
Table 6.1: The absolute value of the difference between the numerical and analytical solution
for the flow parameters of Casson fluid with attached core as a varies.
|Numeric−Analytic|
m = 0.0135 m = 0.0405 m = 0.0945
σ 0.19× 10−6 0.17× 10−5 0.10× 10−2
s¯i 0.48× 10−7 0.67× 10−6 0.15× 10−5
s¯o 0.17× 10−6 0.61× 10−5 0.71× 10−4
ω 0.51× 10−9 0.15× 10−7 0.25× 10−5
Table 6.2: The absolute value of the difference between the numerical and analytical solution
for the flow parameters of Casson fluid with floating core as m varies.
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Chapter 7
The Robertson-Stiff model: A shear
thinning and thickening fluid model
In this chapter, a set of equations representing the helical flow of Robertson–Stiff model
fluid will be obtained by combining the fluid model, given by (2.27), with the helical flow
equations of that non-Newtonian fluid. Two types of flow regimes will be investigated, namely
helical flow with an attached core and helical flow with a floating core – see Section 3.4. With
the dimensionless variables of Section 3.5, these equations will be rendered dimensionless and
then they will be in appropriate form for analytical approximate solutions by the perturbation
approach based on small a and m, given in the first of (3.63) and (3.77). Simultaneously,
numerical solutions will be constructed in each case, to give confidence in the perturbation
results. Finally, the analytical expansions for the velocity components will be used to derive
approximate expressions for the fluid variation flow properties such as the viscosity and stress
profiles of the fluid in the intercylindrical gap. These will be compared with numerical results,
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where applicable.
The Robertson–Stiff constitutive model in terms of the viscosity H(K), as expressed in
(2.27), is
H(K) =
(
H
1
n
0 K
n−1
n +
(
T0
K(r)
) 1
n
)n
, (7.1)
where the positive constants H0, T0 and n are the dynamic viscosity, yield stress and dimen-
sionless flow index respectively, while K(r), the local rate of shearing, is as given by (3.49).
Note that the flow index n allows this model to describe three various fluids, namely shear
thinning, shear thickening and Bingham fluid, as mentioned in Section 2.4.
Applying the annular velocity component, W ′(r), (3.41) and the local rate of shearing,
K(r), (3.49) to (7.1) gives, with rearranging,
W ′(r) = − 2
(n−1)
2n
H
1
n
0
[
rφ (r,A, γ,M)
] (n−1)
n
[(
M
2pir3
) 1
n
−
( √
2T0
rφ (r,A, γ,M)
) 1
n
]
, (7.2)
where φ (r,A, γ,M) is given by
φ (r,A, γ,M) =
√
1 +
(
2piA
M
)2
r2 (r2 − γ2)2. (7.3)
Note that on physical grounds, M has to be larger that T0 to make the fluid flowing.
When this is satisfied, W ′(r), given by (7.2), is always negative.
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7.1 Solution for the attached core and small a
This section will investigate helical flow with core attached to the outer cylinder. Such a flow
arises from addition of a small axial flow, driven by a small pressure gradient, to the existing
annular flow, arising from rotation of the inner cylinder with the outer cylinder being fixed –
see Section 3.4.1. It is assumed that the application of an enough rotational stress shearing on
the fluid produces a fluid region, adjacent to the inner cylinder, and a solid region, attached
to the outer cylinder. In addition, since a small pressure gradient is imposed, the solid–fluid
freeze boundary already exist in the flow field.
It must be noted that the dimensionless flow index n of the Robertson–Stiff model (7.1)
contributes to the dimension of H0, so that it is necessary to redefine the dimension–free
variables of Section 3.5.1 to take account of this. Thus, (3.60) now becomes
v = ΛV (Rs)/R, w = ΛW (Rs), κ =
√
2ΛK(Rs) and η = 2
n−1
2 Λn−1H(K(Rs))/H0, (7.4)
where Λ = 2
1−n
2n
(
2piH0R
2/M
) 1
n .
Note that setting n = 1 reduces (7.4) to the dimensionless formulation of Section 3.5.1.
Applying (7.4) to (7.2) gives
w′ (s) =
1
sψ (s, a, σ)
[(
ψ (s, a, σ)
s2
) 1
n
− τ
1
n
0
]
, (7.5)
and the equation linking v′(s) and w′(s), given by (3.62), is, as before,
v′ (s) = as2
(
s2 − σ2)w′ (s) , (7.6)
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where ψ (s, a, σ), a, τ0 and σ are defined by
ψ (s, a, σ) =
√
1 + (sa)2 (s2 − σ2)2, a = 2piR
3A
M
, τ0 =
2
√
2piR2T0
M
and σ =
γ
R
. (7.7)
Note that when n = 1, the equations (7.5) and (7.6) reduce to the dimensionless velocity
components for the Bingham fluid model (5.4) and (5.5), respectively.
In terms of these quantities, the dimensionless form of the viscosity profile, H(K), (7.1)
becomes
η (κ) =
(
κ
n−1
n +
(τ0
κ
) 1
n
)n
, (7.8)
while rearranging (7.8) gives dimensionless shear stress profile τ(κ) as
τ (κ) =
(
κ+ τ
1
n
0
)n
, (7.9)
where κ(s) is given by
κ(s) = −sw′(s)ψ (s, a, σ) . (7.10)
As in the Bingham and Casson cases, the unknown quantities are the functions w (s) and
v (s) and the associated parameters σ, s¯, ω and q, while τ0 and a are assumed given. Note
that these quantities can in principle be evaluated using an analogous procedure of that in
Sections 5.1 and 6.1.
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7.1.1 Perturbation analysis
Here it is assumed that a, the dimensionless parameter corresponding to A, is small, so that
a perturbation procedure based on the limit a → 0 may be employed. On the basis of the
physical argument of Section 5.1.1, expansions for the unknown quantities σ, s¯, w (s) and v (s)
take the form
s¯ ∼ s¯0 + s¯2a2 + s¯4a4 +O(a6), (7.11)
σ ∼ σ0 + σ2a2 + σ4a4 +O(a6), (7.12)
w(s) ∼ w0(s) + w2(s)a2 + w4(s)a4 +O(a6), (7.13)
v(s) ∼ v1(s)a+ v3 (s) a3 + v5(s)a5 +O(a7). (7.14)
Substituting (7.12), (7.13), and (7.14) into (7.5) and (7.6), and equating like powers of a
yield a sequence of differential equations for w′0(s), w′2(s), v′1(s) and v′3(s) as
w′0(s) =
τ
1
n
0
s
− s−(n+2)n , (7.15)
w′2(s) =
s
(
s2 − σ20
)2
2n
(
(n− 1)
(
1
s2
) 1
n
− nτ
1
n
0
)
, (7.16)
v′1(s) = s
2
(
s2 − σ20
)
w′0(s), (7.17)
v′3(s) = s
2(s2 − σ20)w′2(s)− 2σ0σ2s2w′0(s) (7.18)
respectively, for the first coefficient functions of the annular and axial flow components.
With regards to boundary conditions, applying (7.11) and (7.13) to (3.70) and expanding
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in powers of a gives the boundary conditions as
w′0 (s¯0) = 0, (7.19)
w′′0 (s¯0) s¯2 + w
′
2 (s¯0) = 0, (7.20)
from equating the coefficients of powers of a.
Similarly, applying (7.11), (7.13) and (7.14) in (3.67) to (3.69) yield
v1 (si) = 0, (7.21)
v3 (si) = 0. (7.22)
v1 (s¯0) = 0, (7.23)
v′1 (s¯0) s¯2 + v3 (s¯0) = 0, (7.24)
w0 (s¯0) = 0, (7.25)
w′0 (s¯0) s¯2 + w2 (s¯0) = 0 (7.26)
respectively, obtaining a sequence of boundary conditions for the axial and annular flow
components.
Note that applying (7.19) to (7.17) yields v′1(s¯0) = 0, so that (7.24) and (7.26) reduce to
v3 (s¯0) = 0, (7.27)
w2 (s¯0) = 0. (7.28)
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7.1.2 Leading order terms of the expansions
The leading order terms of the above expansions, corresponding to a = 0, are now found.
From (7.19) and (7.15), s¯0 is given by
s¯0 =
1√
τ0
, (7.29)
and σ20 may be defined by integrating (7.17) subject to the boundary conditions (7.21) and
(7.23), giving σ20 in integral form as
σ20 =
∫ s¯0
si
s4w′0 (s) ds∫ s¯0
si
s2w′0 (s) ds
, (7.30)
where, as in Chapters 5 and 6, the right hand side is always positive because w′0(s) does not
change sign over the interval si ≤ s ≤ s¯0.
Using (7.15) in (7.30), σ20 is given by
σ20 =
n
4n−2
(
s¯
4n−2
n
0 − s
4n−2
n
i
)
− τ04
(
s¯40 − s4i
)
n
2n−2
(
s¯
2n−2
n
0 − s
2n−2
n
i
)
− τ02
(
s20 − s2i
) , n 6= 1, (7.31)
σ20 =
2
(
s¯20 − s2i
)− τ0 (s¯40 − s4i )
4 ln
(
s¯0
si
)
− 2τ0
(
s¯20 − s2i
) , n = 1, (7.32)
determining σ0. Note that (7.32) may be obtained from (7.31) by calculating the limit n→ 1
and using l’Hoˆpital’s rule.
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Integrating (7.15) subject to the freeze boundary condition (7.25) yields
w0(s) =
n
2
(
s−
2
n − s¯−
2
n
0
)
+ τ
1
n
0 ln
(
s
s¯0
)
. (7.33)
This, with s¯0 given by (7.29), gives the only velocity component of pure annular flow
(a = 0) as
sw0(s) = s
[
n
2
(
s−
2
n − s¯−
2
n
0
)
+ τ
1
n
0 ln
(
s
s¯0
)]
, (7.34)
where it must be noted that only τ0 is involved and that σ0 plays no role at this level, but is
relevant to the situation where a > 0; i.e. when there is a (small) axial flow.
7.1.3 Higher order terms of the expansions
From (7.15), (7.16) and (7.20), s¯2 is obtained as
s¯2 = s¯
3
0
(
s¯20 − σ20
)2
/4, (7.35)
giving s¯2 in term of known quantities.
Integrating (7.18) subject to (7.22) and (7.27) and then solving the result for σ2 gives
σ2 =
∫ s¯0
si
s2
(
s2 − σ20
)
w′2(s)ds
2σ0
∫ s¯0
si
s2w′0(s)ds
. (7.36)
Finally, integrating the differential equation (7.16) subject to (7.28), while (7.17) and
(7.18) subjects to (7.21) and (7.22) respectively, yield the higher order coefficient functions
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w2 (s) , v1 (s) and v3 (s) in the expansions (7.13) and (7.14) as
w2(s) = H1(s)−H1(s¯0), n 6= 1, (7.37)
v1(s) = − n
4n− 2
(
s
4n−2
n − s
4n−2
n
i
)
+
nσ20
2n− 2
(
s
2n−2
n − s
2n−2
n
i
)
+τ0
[
1
4
(
s4 − s4i
)− σ20
2
(
s2 − s2i
)]
, n 6= 1 (7.38)
v3 (s) = H2(s)−H2(si), n 6= 1, (7.39)
w2(s) =
τ0
12
[(
s2 − σ20
)3 − (s¯20 − σ20)3] , n = 1, (7.40)
v1(s) = σ
2
0 ln
(
s
si
)
− 1
2
(
s2 − s2i
)
+
τ0
4
(
s4 − s4i
)
−τ0σ
2
0
2
(
s2 − s2i
)
, n = 1, (7.41)
v3(s) = − τ0
80
[
4
(
s10 − s10i
)− 15σ20 (s8 − s8i )+ 20σ40 (s6 − s6i )−
10σ60
(
s4 − s4i
)]
+ σ0σ2
(
2 ln
(
s
si
)
− τ0
(
s2 − s2i
))
, n = 1, (7.42)
where
H1(s) = − τ
1
n
0
12n
(
s2 − σ20
)3
+ (n− 1) s 2n−2n
(
s4
12n− 4 −
σ20s
2
4n− 2 +
σ40
4n− 4
)
, (7.43)
H2(s) = (n− 1) s
4n−2
n
(
s6
20n− 4 −
3σ20s
4
16n− 4 +
3σ40s
2
12n− 4 −
σ60
4n− 2
)
−
τ
1
n
0
80
(
4s10 − 15σ20s8 + 20σ40s6 − 10σ60s4
)
+ σ0σ2
(
ns
2n−2
n
n− 1 − τ0s
2
)
. (7.44)
To summarize as in Sections 5.1 and 6.1, the expansions for w(s) and v(s) are given
by (7.13) and (7.14), where w0 (s) , w2 (s) , v1 (s) and v3 (s) are given by (7.33), (7.37, 7.40),
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(7.38, 7.41) and (7.39, 7.42), respectively.
In terms of the associated parameters, expansions for σ and s¯ are given by (7.11) and
(7.12), where the coefficients s¯0, s¯2, σ0 and σ2 are given by (7.29), (7.35), (7.31, 7.32) and
(7.36), respectively.
7.1.4 Application of the expansions to fluid flow properties
Analytical expressions for the viscosity η(s) and shear stress τ(s) profiles, given by (7.8) and
(7.9) respectively, are here obtained to describe the fluid flow behaviour within the gap. Using
the velocity field expansions of Section 7.1.1, analytical approximations for the viscosity η(s)
and shear stress τ(s) are found as follows
η (s) =
−1
sw′0 (s)
(
τ
1
n
0 − sw′0 (s)
)n
+
[(
τ
1
n
0 − sw′0 (s)
)n(
2 (1− n)w′0 (s)− τ
1
n
0
)
×(
s2
(
s2 − σ20
)2
w′0 (s) + 2w
′
2 (s)
)/
2sw′20 (s)
(
sw′0 (s)− τ
1
n
0
)]
a2
+O(a4), (7.45)
τ (s) =
(
τ
1
n
0 − sw′0 (s)
)n
+
ns
(
τ
1
n
0 − sw0 (s)
)n (
s2
(
s2 − σ20
)2
w′0 (s) + 2w′2 (s)
)
2sw′0 (s)− 2τ
1
n
0
 a2
+O(a4), (7.46)
where w′0 (s) and w′2 (s) are as given in (7.15) and (7.16), respectively.
Finally, expressions for the angular velocity ω and the axial flow rate q, given by (3.66)
147
and (3.71) respectively, are
ω ∼ w0(si) + w2(si)a2 +O(a4), (7.47)
q ∼ −a
∫ s¯0
si
s2v′1(s)ds− a3
∫ s¯0
si
s2v′3(s)ds+O(a5), (7.48)
where, from (7.33), (7.37) and (7.40),
w0(si) =
n
2
(
s
−2
n
i − s¯
−2
n
0
)
+ τ
1
n
0 ln
(
si
s¯0
)
, (7.49)
w2(si) =
τ0
12
[(
s2i − σ20
)3 − (s¯20 − σ20)3] , n = 1, (7.50)
w2(si) = H1(si)−H1(s¯0), n 6= 1, (7.51)
while v′1(s), v′3(s) and H1(s) are given by (7.17), (7.18) and (7.43), respectively.
7.2 Solution for the floating core and small m
This section examines the helical flow of a Robertson–Stiff fluid with a floating core. As in
earlier chapters, the reader is reminded that the application of a sufficient axial stress on the
fluid is assumed. This produces an axial flow with solid region detached from both cylinders.
Moreover, since the transition from pure axial flow to helical flow is generated by applying a
small annular flow, arising from a small torque M , the two freeze boundaries of the floating
core exist. Here, the dimensionless variables of Section 7.1 involving flow index n will be
combined with the scaling formula of Section 3.5.2. Then, (3.73) becomes
v = ΘV (Rs)/R, w = ΘW (Rs), κ = Θ
√
2K(Rs) and η = 2
n−1
2 Θn−1H(K(Rs))/H0, (7.52)
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where Θ = 2
1−n
2n (H0/RA)
1
n .
From (7.52), the dimensionless form of (7.2) becomes
w′ (s) = − m
sψ (s,m, σ)
[(
ψ (s,m, σ)
s2
) 1
n
− τ
1
n
0
]
, (7.53)
while the equation linking w′ (s) and v′ (s), as shown in (3.79), is
v′(s) = s2(s2 − σ2)w′(s)/m, (7.54)
where ψ (s,m, σ), m, τ0 and σ are defined by
ψ (s,m, σ) =
√
m2 + s2 (s2 − σ2)2, m = M
2piR3A
, τ0 =
√
2T0
RA
and σ =
γ
R
. (7.55)
It must be remembered that τ0 here has different definition to that used in the previous
problem.
By a method analogous to that of Section 7.1, the dimensionless forms of the viscosity
and shear stress are given by
η (κ) =
(
κ(s)
n−1
n +
(
τ0
κ(s)
) 1
n
)n
, (7.56)
τ (κ) =
(
κ(s) + τ
1
n
0
)n
(7.57)
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respectively, where κ(s), the local rate of shearing, is given by
κ(s) = −sw′(s)ψ(s,m, σ)/m. (7.58)
As noted in Section 2.4, setting n = 1 reduces this problem to that of helical flow of
the Bingham fluid model with floating core, examined in Section 5.2. Again, the unknown
quantities in the problem are the function w(s) and v(s) along with the associate parameters
s¯i, s¯o, σ, ω and q, while τ0, m and n are assumed given. Thus, applying an analogous procedure
to that of Sections 5.2 and 6.2 determines, in principle, the two functions w (s) and v (s) as
well as obtains the unknown constants σ, s¯i, s¯o, ω and q.
7.2.1 Perturbation analysis
Under the assumption of small positive values of m, the dimensionless parameter correspond-
ing to M , perturbation methods may be used based on small m; i.e., the limit m → 0. As
before, the velocity field components for the inner fluid region si ≤ s < s¯i will be represented
by wi (s) and vi (s), while for the outer fluid region s¯o < s ≤ so by wo (s) and vo (s) re-
spectively. Following the observations of Section 5.2.1, expansions for s¯i, s¯o, σ, wi (s), vi (s),
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wo (s) and vo (s)
s¯i ∼ s¯i0 + s¯i2m2 + s¯i4m4 +O(m6), (7.59)
s¯o ∼ s¯o0 + s¯o2m2 + s¯o4m4 +O(m6), (7.60)
σ ∼ σ0 + σ2m2 + σ4m4 +O(m6), (7.61)
wi(s) ∼ wi1(s)m+ wi3(s)m3 + wi5(s)m5 +O(m7), (7.62)
vi(s) ∼ vi0(s) + vi2(s)m2 + vi4(s)m4 +O(m6), (7.63)
wo(s) ∼ wo1(s)m+ wo3(s)m3 + wo5(s)m5 +O(m7), (7.64)
vo(s) ∼ vo0(s) + vo2(s)m2 + vo4(s)m4 +O(m6) (7.65)
may be proposed.
Substituting (7.62) and (7.63) into (7.53), and (7.54) and equating like powers of m yields
a sequence of differential equations for wi1(s), wi3(s), vi0(s) and vi2(s) as
w′i1(s) = −
1
s2
(
s2 − σ20
)[τ 1n0 − (σ20 − s2s
) 1
n
]
, (7.66)
w′i3(s) =
1− 4σ0σ2s2
(
s2 − σ20
)
2s4
(
s2 − σ20
)3
[
τ
1
n
0 −
(n− 1)
n
(
σ20 − s2
s
) 1
n
]
, (7.67)
v′i0(s) = s
2
(
s2 − σ20
)
w′i1(s), (7.68)
v′i2(s) = s
2
(
s2 − σ20
)
w′i3(s)− 2σ0σ2s2w′i1(s) (7.69)
respectively, for the first few coefficient functions win (s) and vin (s) in the inner fluid region.
In a like manner, differential equations for wo1(s), wo3(s), vo0(s) and vo2(s) are found to
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be
w′o1(s) =
1
s2
(
s2 − σ20
)[τ 1n0 − (s2 − σ20s
) 1
n
]
, (7.70)
w′o3(s) =
4σ0σ2s
2
(
s2 − σ20
)− 1
2s4
(
s2 − σ20
)3
[
τ
1
n
0 −
(n− 1)
n
(
s2 − σ20
s
) 1
n
]
, (7.71)
v′o0(s) = s
2
(
s2 − σ20
)
w′o1(s), (7.72)
v′o2(s) = s
2
(
s2 − σ20
)
w′o3(s)− 2σ0σ2s2w′o1(s), (7.73)
respectively, for the outer fluid region. Note that (7.66) – (7.73) assume that σ0 is located
within the core.
Following the procedure of Sections 5.2 and 6.2, application of the expansions (7.59)–
(7.60) and (7.62)–(7.65) to the boundary condition (3.83) yields
vi0(si) = 0, vi2(si) = 0, (7.74)
wo1(so) = 0, wo3(so) = 0, (7.75)
vo0(so) = 0, vo2(so) = 0, (7.76)
while the continuity conditions (3.84) then give
wi1(s¯i0) = wo1(s¯o0), (7.77)
wi3(s¯i0) + w
′
i1(s¯i0)s¯i2 = w
′
o1(s¯o0)s¯o2 + wo3(s¯o0), (7.78)
vi0(s¯i0) = vo0(s¯o0), (7.79)
vi2(s¯i0) + v
′
i0(s¯i0)s¯i2 = v
′
o0(s¯o0)s¯o2 + vo2(s¯o0). (7.80)
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Similarly, the condition (3.85) yields
w′i1(s¯i0) = 0, (7.81)
w
′′
i1(s¯i0)s¯i2 + w
′
i3(s¯i0) = 0, (7.82)
w′o1(s¯o0) = 0, (7.83)
w
′′
o1(s¯o0)s¯o2 + w
′
o3(s¯o0) = 0. (7.84)
Applying (7.81) and (7.83) to (7.68) and (7.72) give
v′i0(s¯i0) = 0, v
′
o0(s¯o0) = 0. (7.85)
From (7.81), (7.83) and (7.85), the continuity conditions (7.78) and (7.80) reduce to
wi3(s¯i0) = wo3(s¯o0), (7.86)
vi2(s¯i0) = vo2(s¯o0). (7.87)
7.2.2 Leading order terms of the expansions
The leading order terms of the expansions above, corresponding to m = 0, are considered.
Thus, integrating (7.68) and (7.72) in terms of the first of (7.74) and (7.76) respectively give
vi0(s) = τ
1
n
0 (si − s) +
∫ s
si
(
σ20 − s2
s
) 1
n
ds, (7.88)
vo0(s) = τ
1
n
0 (s− so)−
∫ s
so
(
s2 − σ20
s
) 1
n
ds. (7.89)
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Applying (7.81) in (7.66) and (7.83) in (7.70) gives
s¯i0 = −τ0
2
+
√
τ20 + 4σ
2
0
2
and s¯o0 =
τ0
2
+
√
τ20 + 4σ
2
0
2
, (7.90)
determining the leading order terms for the freeze boundaries, s¯i0 and s¯o0.
If the first of (7.90) is rearranged, σ20 is defined by
σ20 = s¯i0(s¯i0 + τ0), (7.91)
obtaining σ0 in terms of s¯i0 and given τ0.
In addition, the relationship between s¯o0 and s¯i0 can be determined from (7.90) as
s¯o0 = s¯i0 + τ0 or s¯o0 − s¯i0 = τ0. (7.92)
From (7.92), it is important to indicate that in order to have a floating core in the
intercylindrical gap, it is necessary that τ0 satisfies the following condition
τ0 < so − si. (7.93)
Substituting (7.88) and (7.89) into (7.79) and applying (7.92), an equation for s¯i0 becomes
GRS (s¯i0) = 0, (7.94)
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where the function GRS is given by
GRS (λ) = τ
1
n
0 (si + so − 2λ− τ0) +
∫ λ
si
(
λ (λ+ τ0)− s2
s
) 1
n
ds−
∫ so
λ+τ0
(
s2 − λ (λ+ τ0)
s
) 1
n
ds. (7.95)
Note that setting n = 1 gives the function GB(λ) for the Bingham fluid, given in (5.93).
In addition, since λ (λ+ τ0) > s
2 in the interval si ≤ s ≤ λ and λ (λ+ τ0) < s2 on λ+ τ0 ≤
s ≤ so, the two integral terms in (7.95) are always real and positive.
Clearly, (7.94) must be solved numerically. The following conditions are sufficient to show
that the function GRS has a unique solution for s¯i0 lying in the interval (si, so − τ0), hence
s¯o0, given by (7.92), belongs to (si + τ0, so). As in Chapters 5 and 6, these are as follows
• the derivative of GRS(λ) has only a single sign on the interval si < λ < so − τ0; and
• the function GRS(λ) satisfies that
GRS(si) < 0 and GRS(so − τ0) > 0. (7.96)
Using Leibnitz’s Rule [36, Ch. 3], G′RS (λ) is given by
G′RS (λ) =
∫ λ
si
(2λ+ τ0)
(
λ(λ+τ0)−s2
s
) 1
n
n (λ (λ+ τ0)− s2) ds+
∫ so
λ+τ0
(2λ+ τ0)
(
s2−λ(λ+τ0)
s
) 1
n
n (s2 − λ (λ+ τ0)) ds. (7.97)
Following the discussion of (7.95), G′RS(λ) has a positive slope for si < λ < so − τ0 and
hence GRS(λ) is monotonically increasing function of λ on si < λ < so − τ0.
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Applying the first of (7.96) to (7.95) yields
GRS (si) = τ
1
n
0 (so − si − τ0)−
∫ so
si+τ0
(
s2 − si (si + τ0)
s
) 1
n
ds. (7.98)
Since the sign of (7.98) cannot be clearly determined, we consider the following analysis.
From (7.98), we have
GRS (si) =
∫ so
si+τ0
L1(s)ds, (7.99)
where L1(s) is given by
L1(s) = τ
1
n
0 −
(
s2 − si (si + τ0)
s
) 1
n
. (7.100)
Note that if the derivative of L1(s) is negative on the interval (si+τ0, so) and L1(si+τ0) ≤
0, then the integral of L1(s) on the interval must be negative.
The derivative of (7.100) is given by
L′1(s) = −
1
n
(
s2 − si (si + τ0)
s
) 1−n
n
(
1 +
si (si + τ0)
s2
)
< 0, (7.101)
on all of (si + τ0, so).
Applying the lower limit s = si + τ0 to (7.100) yields
L1(si + τ0) = 0. (7.102)
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Therefore, from (7.101) and (7.102), it can be confirmed that the integral GRS(si), given
by (7.99), meets the first of (7.96).
With regard to the external boundary for the function GRS(λ), applying the second of
(7.96) in (7.95) yields
GRS (so − τ0) = τ
1
n
0 (si − so + τ0) +
∫ so−τ0
si
(
so (so − τ0)− s2
s
) 1
n
ds. (7.103)
In a similar approach to that used in (7.98), the sign of (7.103) will be identified as
follows.
From (7.103), we have
GRS (so − τ0) =
∫ so−τ0
si
L2(s)ds, (7.104)
where L2(s) is given by
L2(s) =
(
so (so − τ0)− s2
s
) 1
n
− τ
1
n
0 . (7.105)
As above, if the derivative of L2(s) is negative on the interval (si, so−τ0) and L2(so−τ0) ≥
0, then the integral GRS (so − τ0) on the interval must be positive.
The derivative of L2(s) is given by
L′2(s) = −
1
n
(
so (so − τ0)− s2
s
) 1−n
n
(
1 +
so (so − τ0)
s2
)
< 0, (7.106)
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on all of (si, so − τ0).
Applying the upper limit s = so − τ0 to (7.105) yields
L2(so − τ0) = 0. (7.107)
From (7.106) and (7.107), the integral GRS (so − τ0), given by (7.104), satisfies the second
of (7.96).
Therefore, it can be emphasized that s¯i0 always lies in the interval (si, so− τ0) and hence
s¯o0, given by (7.92), exists on (si + τ0, so). Accordingly, the plug flow zone always exists and
is detached from both cylinders.
7.2.3 Higher order terms of the expansions
Applying (7.66) and (7.67) to (7.82), s¯i2 becomes
s¯i2 =
1− 4σ0σ2s¯2i0
(
s¯2i0 − σ20
)
2s¯3i0τ0 (τ0 + 2s¯i0)
, (7.108)
completely in terms of defined and known quantities.
Similarly, from (7.70), (7.71) and (7.84), s¯o2 is given by
s¯o2 =
1− 4σ0σ2s¯2o0
(
s¯2o0 − σ20
)
2s¯3o0τ0 (τ0 − 2s¯o0)
. (7.109)
With regards to σ2, integrating (7.69) and (7.73) subject to the second of (7.74) and
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(7.76) respectively gives
vi2(s) =
τ
1
n
0
4σ40
[
3
2σ0
ln
(
F (s)
F (si)
)
− 2
(
1
s
− 1
si
)
−
(
s
s2 − σ20
− si
s2i − σ20
)]
+
1
n
∫ s
si
2σ0σ2
s
1
n
(
σ20 − s2
) 1−n
n ds+
(n− 1)
n
∫ s
si
(
σ20 − s2
) 1−n
n
2s
2n+1
n
ds, (7.110)
vo2(s) =
τ
1
n
0
4σ40
[
3
2σ0
ln
(
F (so)
F (s)
)
+ 2
(
1
s
− 1
so
)
+
(
s
s2 − σ20
− so
s2o − σ20
)]
+
1
n
∫ s
so
2σ0σ2
s
1
n
(
s2 − σ20
) 1−n
n ds+
(n− 1)
n
∫ s
so
(
s2 − σ20
) 1−n
n
2s
2n+1
n
ds. (7.111)
Then, applying (7.110) and (7.111) to (7.87), gives, on reorganisation,
σ2 =
− τ
1
n
0
8σ50
[
3 ln
(
F (s¯i0)F (s¯o0)
F (si)F (so)
)
+ 2σ0
(
so
s2o − σ20
+
si
s2i − σ20
)
+
4σ0
(
1
so
− 1
s¯o0
− 1
s¯i0
+
1
si
)]
+
(n− 1)
n
∫ s¯o0
so
(
s2 − σ20
) 1−n
n
2s
2n+1
n
−
∫ s¯i0
si
(
σ20 − s2
) 1−n
n
2s
2n+1
n
ds

/
1
n
∫ s¯i0
si
2σ0
(
σ20 − s2
) 1−n
n
s
1
n
ds−
∫ s¯o0
so
2σ0
(
s2 − σ20
) 1−n
n
s
1
n
ds
 , (7.112)
where, F (x), given by (5.102), is
F (x) =
x+ σ0
x− σ0 . (7.113)
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Integrating (7.70) subject to the first of (7.75) gives
wo1(s) =
τ
1
n
0
2σ30
[
ln
(
F (so)
F (s)
)
+ 2σ0
(
1
s
− 1
so
)]
−
∫ s
so
(
s2 − σ20
) 1−n
n
s
2n+1
n
ds, (7.114)
then (7.66) can be integrated subject to the boundary condition (7.77), where it is noted
that the right hand side of (7.77) is now known. So, wi1(s) is given by
wi1(s) =
τ
1
n
0
2σ30
[
ln
(
F (so)F (s)
F (s¯o0)F (s¯i0)
)
+ 2σ0
(
1
s¯o0
− 1
so
+
1
s¯i0
− 1
s
)]
−
∫ s
s¯i0
(
σ20 − s2
) 1−n
n
s
2n+1
n
ds−
∫ s¯o0
so
(
s2 − σ20
) 1−n
n
s
2n+1
n
ds. (7.115)
where F (x) is as given in (7.113).
In a like manner, integrating (7.71) and (7.67) subject to the second of (7.75) and (7.86)
respectively, gives
wo3(s) =
−τ
1
n
0
32σ80
[(
22 + 32σ50σ2
)( s
s2 − σ20
− so
s2o − σ20
)
+
(
48 + 64σ50σ2
)(1
s
− 1
so
)
+
4σ20
(
so(
s2o − σ20
)2 − s(
s2 − σ20
)2
)
+
(
35
σ0
+ 48σ50σ2
)
ln
(
f (so)
f (s)
)
+
16σ20
3
(
1
s3
− 1
s3o
)]
+
(n− 1)
2n
∫ s
so
1− 4σ0σ2s2
(
s2 − σ20
)
s
4n+1
n
(
s2 − σ20
) 3n−1
n
ds, (7.116)
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and
wi3(s) =
τ
1
n
0
32σ80
[(
22 + 32σ50σ2
)( s
s2 − σ20
− s¯i0
s¯2i0 − σ20
)
+
16σ20
3
(
1
s3
− 1
s¯3i0
)
+
4σ20
(
s¯i0(
s¯2i0 − σ20
)2 − s(
s2 − σ20
)2
)
+
(
48 + 64σ50σ2
)(1
s
− 1
s¯i0
)
+(
35
σ0
+ 48σ50σ2
)
ln
(
F (s¯i0)
F (s)
)]
+
(n− 1)
n
∫ s
s¯i0
1− 4σ0σ2s2
(
σ20 − s2
)
s
4n+1
n
(
s2 − σ20
) 3n−1
n
ds
+wo3 (s¯o0) , (7.117)
where F (x) is as given in (7.113)
To recapitulate, the inner region expansions for win(s) and vin(s) are given by (7.62)
and (7.63), where wi1(s), wi3(s), vi0(s) and vi2(s) are given by (7.115), (7.117), (7.88) and
(7.110), respectively.
The outer region expansions for won(s) and von(s) are given by (7.64) and (7.65), where
wo1(s), wo3(s), vo0(s) and vo2(s) are given by (7.114), (7.116), (7.89) and (7.111), respectively.
The expansions for the associated parameters s¯i, s¯o and σ are given by (7.59), (7.60) and
(7.61) respectively, where s¯i2, s¯o2, σ2 are given by (7.108), (7.109) and (7.112), while σ0 and
s¯o0 are given by (7.91) and (7.92) respectively, on solving (7.94) numerically to obtain s¯i0.
As in Chapter 5, an expansions for the thickness of the floating core is given by
s¯o − s¯i = (s¯o0 − s¯i0) +m2 (s¯o2 − s¯i2) + · · · . (7.118)
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Applying σ20 = s¯i0s¯o0 to the O(m2) term in (7.118) and using (7.108), (7.109) gives
s¯o − s¯i = (s¯o0 − s¯i0)−
[
1
2τ0 (τ0 + 2s¯o0)
(
1
s¯3o0
+
1
s¯3i0
)]
m2 + · · · , (7.119)
an expansion for the floating core thickness.
7.2.4 Application of the expansions to fluid flow properties
The expansions for the velocity fields in the inner and outer fluid regions shown above may
be used to obtain two significant expressions, which are the viscosity, η(s) and the shear
stress, τ(s). Applying the perturbation expansions in these quantities defined by (7.56) and
(7.57), analytical approximations for the viscosity and shear stress in the inner and outer
fluid regions may be expressed as
ηi(s) =
[ (
s2
(
s2 − σ20
)
w′i1 (s)
) (n−1)
n +
(
τo
s2
(
s2 − σ20
)
w′i1 (s)
) 1
n
]n
+{[(
τ
1
n
0 + s
2
(
s2 − σ20
)
w′i1 (s)
)n−1(
(n− 1) s2 (s2 − σ20)w′i1 (s)− τ 1n0 )×
((
1− 4σ0σ2s2
(
s2 − σ20
))
w′i1 (s) + 2s
2
(
s2 − σ20
)2
w′i3 (s)
)]/
2s4
(
s2 − σ20
)3
w′i1 (s)
2
}
m2 + O(m4), (7.120)
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ηo(s) =
[ (−s2 (s2 − σ20)w′o1 (s)) (n−1)n +
(
− τo
s2
(
s2 − σ20
)
w′o1 (s)
) 1
n
]n
+{[(
τ
1
n
0 − s2
(
s2 − σ20
)
w′o1 (s)
)n−1(
(1− n) s2 (s2 − σ20)w′o1 (s) + τ 1n0 )×
((
1− 4σ0σ2s2
(
s2 − σ20
))
w′o1 (s) + 2s
2
(
s2 − σ20
)2
w′o3 (s)
)]/
2s4
(
s2 − σ20
)3
w′o1 (s)
2
}
m2 + O(m4), (7.121)
τi(s) =
(
s2
(
s2 − σ20
)
w′i1 (s) + τ
1
n
0
)n
+
{[
n
(
s2
(
s2 − σ20
)
w′i1 (s) + τ
1
n
0
)n−1
×
((
1− 4σ0σ2s2
(
s2 − σ20
))
w′i1 (s) + 2s
2
(
s2 − σ20
)2
w′i3 (s)
)]/
2
(
s2 − σ20
)}
m2 + O(m4), (7.122)
τo(s) =
(
−s2 (s2 − σ20)w′o1 (s) + τ 1n0 )n +
{[
n
(
s2
(
s2 − σ20
)
w′o1 (s) + τ
1
n
0
)n−1
×
((
1− 4σ0σ2s2
(
s2 − σ20
))
w′o1 (s) + 2s
2
(
s2 − σ20
)2
w′o3 (s)
)]/
2
(
s2 − σ20
)}
m2 + O(m4), (7.123)
where, as before, subscripts i and o denote the quantities in the inner and outer fluid regions,
respectively.
Two other quantities of interest are the angular velocity, ω, observed (or measured) at
the inner cylinder and the axial flow rate, q. These quantities, as given by (3.82) and (3.86),
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are
ω = wi(si), (7.124)
q =
∫ s¯i
si
sv(s)ds+
1
2
(
s¯2o − s¯2i
)
v(s¯i) +
∫ so
s¯o
sv(s)ds. (7.125)
Since there are three regions in the intercylindrical gap, the inner and outer fluid regions
and the plug flow region, (7.125) may be written as
q =
∫ s¯i
si
svi(s)ds+
1
2
vi(s¯i)
(
s¯2o − s¯2i
)
+
∫ so
s¯o
svo(s)ds. (7.126)
Thus, using the perturbation expansions above, analytical expressions for ω and q are
given by
ω = wi1(si)m+ wi3(si)m
3 +O(m5), (7.127)
q =
∫ s¯i0
si
svi0(s)ds+
1
2
vi0(s¯i0)
(
s¯2o0 − s¯2i0
)
+
∫ so
s¯o0
svo0(s)ds+
[ ∫ s¯i0
si
svi2(s)ds+
vi0(s¯i0) (s¯o0s¯o2 − s¯i0s¯i2) + 1
2
vi2(s¯i0)
(
s¯2o0 − s¯2i0
)
+
∫ so
s¯o0
svo2(s)ds+
s¯i2s¯i0vi0(s¯i0)− s¯o2s¯o0vo0(s¯o0)
]
m2 +O(m4), (7.128)
where wi1(s) and wi3(s) are as given in (7.115) and (7.117) respectively, while vi0(s), vo0(s), vi2(s)
and vo2(s), are given by (7.88), (7.89), (7.110) and (7.111), respectively.
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7.3 Discussion
In what follows, the analytical approximate solutions of Sections 7.1 and 7.2 given by the
perturbation expansions will be examined. Numerical solutions of the flow problems will be
obtained and compared with these analytical approximations. The axial and annular velocity
profiles as well as other fluid flow properties for the two flow situations will be displayed and
compared for both numerical and analytical approximations.
7.3.1 The attached core problem with small a
Approximations to velocity components w(s) and v(s), together with the associated parame-
ters s¯, σ, ω and q of Section 7.1 are represented by the perturbation expansions (7.13), (7.14),
(7.11), (7.12), (7.47) and (7.48), respectively. The leading order terms of these expansions,
corresponding to a = 0, represent a pure annular flow, while the higher order terms display
the emerging helical flow field, for both transverse and axial components w(s) and v(s). Note
that smallness of the dimensionless parameter a, given by the second of (7.7), may be viewed
as arising from small dimensional pressure gradient A.
From (7.35), s¯2 > 0, showing that the addition of an axial flow shifts the freeze boundary
towards the outer cylinder. The variation of the freeze boundary can be seen by plotting
the first two terms of the perturbation expansion (7.11) for a small range of a values, as in
Figure 7.1. Moreover, from (7.16), w′2 (s) < 0 on si ≤ s ≤ s¯0, while from (7.19) and (7.26),
w2 (s¯0) = 0, hence w2 (si) > 0. Thus, the angular velocity of the inner cylinder is increased
by the presence of small a, and it increases overall with increasing a, as in Figure 7.2.
The relationship between the axial flow rate and small a as represented by the expansion
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(7.48) is shown in Figure 7.3, which was obtained by plotting the first two terms of (7.48) for
a small range of a for given values of the parameters si, τ0 and n. This shows that increasing
the value of a increases the flow rate q, quantifying what can be predicted qualitatively on
physical grounds.
As noted above, this helical flow problem may be solved numerically and the results
used to give confidence in these analytical approximate solutions. Thus, applying a parallel
method to that of Sections 5.3.1 and 6.3.1 gives the two unknown constants s¯ and σ from
the two constraint equations w′ (s¯) = 0 and
∫ s¯
si
v′(s)ds = 0. Writing these equations in the
form fi(σ, s¯) = 0, i = 1, 2 and then utilizing the Matlab c© function fminsearch gives the
point (σ, s¯). The analytical approximation of (σ, s¯) was used as the initial estimate. With σ
and s¯ found, ω can be evaluated from ω = − ∫ s¯si w′(s)ds. Then, numerical solutions for w(s)
and v(s) can be evaluated for suitably chosen si, a, τ0 and n values.
Figures 7.4 to 7.6 compare the profiles for the velocity components w(s) and v(s) re-
spectively for different values of the flow index n, as given by the first two terms of the
perturbation expansions and the numerical approximations. Clearly, the agreement between
the analytical and numerical approximations is excellent and the discrepancy only rises at
higher values of a. Table 7.1 confirms this by displaying the absolute value of the difference
between the analytical and numerical approximations to the flow parameters as a and the
flow index n vary.
The variation of the flow index n leads to changes in the fluid flow behaviour as mentioned
earlier in this chapter. Thus, for n < 1, Figure 7.4 shows the effects of the shear thinning
fluid behaviour. For n > 1, Figure 7.5 shows these effects arising from shear thickening fluid
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behaviour. These Figures also show that in the shear thinning (n < 1) case, higher values of
w(s) and v(s) are restricted to a neighbourhood of the inner boundary, whereas for the shear
thickening (n > 1) case, these values are spread over much more of the fluid gap. When
n = 1, this model reduces to a Bingham fluid and Figure 7.6 displays the resultant velocity
profiles. These compare favourably with Figures 5.3 and 5.4, as expected.
Figures 7.7 to 7.9 show the viscosity and the shear stress profile for different values of
n, as generated by the first two terms of the expansions (7.45) and (7.46) together with the
numerical results. At the freeze boundary, s¯ = 1.2082, the viscosity increases to infinity,
while the shear stress tends to the yield stress value τ0 = 0.6872. In addition, Figures 7.10
to 7.12, which were generated by (7.9) and (7.10) along with the numerical data, display the
relationship between the shear stress τ and the rate of shearing κ. It can be clearly seen that,
when n < 1, the fluid has a shear thinning behaviour (the viscosity decreasing as the shear
rate increases), for n > 1 the fluid has shear thickening behaviour (the viscosity increasing
as the shear rate increases) and for n = 1 the fluid beyond the yield stress value has a linear
shear stress – rate of shearing relationship, as in the Bingham fluid.
7.3.2 The floating core problem with small m
The expansions for the functions of the inner and outer fluid regions wi(s), vi(s) and wo(s),
vo(s) are given by (7.62), (7.63) and (7.64), (7.65) respectively, while expansions for the
associated parameters s¯i, s¯o, σ, ω and q are given by (7.59), (7.60), (7.61), (7.127) and (7.128),
respectively. The leading order terms of the expansions, corresponding to m = 0, display
a pure axial flow in the gap, whereas the higher order terms, relating to m > 0, show the
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transition to the helical flow. Note that the value of dimensionless parameter m is a ratio
of the dimensional terms, given by the second of (7.55). The smallness of m is obtained by
assuming a small dimensional torque M compared to the other parameters as discussed in
Section 3.5.2.
The positive O(m2) term in the expression (7.119) shows that the addition of an annular
flow narrows the plug flow region. Figure 7.13 plots the first two terms of the expansions
(7.59) – (7.61) as functions of m, and shows this effect quite clearly. Further, this additional
flow quite markedly shifts the plug flow region toward the outer cylinder, increasing the inner
freeze boundary, s¯i faster than decreasing the outer freeze boundary, s¯o.
Again, this helical flow problem may be solved numerically and the results compared with
the analytical solutions. An analogous approach to that of Sections 5.3.2 and 6.3.2 gives
numerical solutions for the velocity field of this problem. So, three unknown constants σ, s¯i
and s¯o are determined by three constraint equations
∫ s¯i
si
v′(s)ds+
∫ so
s¯o
v′(s)ds = 0, w′(s¯i) = 0
and w′(s¯o) = 0, given by combining the first two of (3.83) with the last of (3.84) and (3.85),
respectively. Choosing the analytical approximate values for σ, s¯i and s¯o as an initial estimate
and solving a set of simultaneous equations using the Matlab c© function fminsearch gives the
point (σ, s¯i, s¯o). Since the unknown constants are determined, the numerical solution for the
functions w(s) can then be found in the three regions, the inner and outer fluid regions and
plug flow region. For the outer region, the function w(s) can be found from w(s) =
∫ s
so
w′(t)dt.
Subsequently, the angular velocity at the plug flow region can be obtained from w(s¯o) = w(s¯i).
For the inner fluid region, the function w(s) is then given by w(s) = w(s¯i)+
∫ s
s¯i
w′(t)dt. Thus,
the rate of rotation of the inner cylinder ω is given by ω = w(si). Finally, the function v(s)
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can be found in a similar way.
Figures 7.14 – 7.16, which were created by the first two terms of the perturbation expan-
sions together with the numerical results, show the velocity profiles of w(s) and v(s) based
on small m and different n values. Again, Figure 7.14 shows the velocity profile for the shear
thinning fluid, corresponding to n < 1, Figure 7.15 displays the velocity profile for the shear
thickening fluid, corresponding to n > 1 and Figure 7.16 displays the velocity profiles for
the Bingham fluid, corresponding to n = 1. These figures display a very good agreement
between the two methods, while Table 7.2 shows that increasing m decreases the agreement
between the two methods.
Figures 7.17 to 7.19 plot the viscosity η(s) and shear stress τ(s) profiles within the gap,
as generated by the expansions (7.120, 7.121) (for the viscosity) and (7.122, 7.123) (for the
shear stress) along with the numerical results. At the two freeze boundaries, s¯i = 0.8703
and s¯o = 1.0972, the viscosity for the inner and outer fluid region tends to infinity, while the
shear stress takes the yield value τ0 = 0.2274 for all values of n.
Figure 7.20 shows the variation with m of the (spatially constant) axial velocity of the plug
flow region, as given by applying the perturbation expansion for s¯i to vi(s¯i) for appropriate
si, so, τ0 and n values, as illustrated in Section 5.3.2. It can be seen that this velocity is
strongly influenced by changes in the small m, increasing with increasing m. Figure 7.21,
which was generated from the first two terms of the expansion (7.128), shows the variation
of the flow rate, q, for a small range of m and different τ0 values. Clearly, changes in m
and τ0 have a strong impact on the flow rate; increasing m increases the flow rate, while
increasing τ0 decreases the flow rate. Using the first two terms of the expansion (7.127), the
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relationship between the angular velocity, ω at the inner cylinder boundary si and small m
is shown in Figure 7.22. It can be seen that the the angular velocity is proportional to the
small m, increasing distinctly as m increases.
Figures 7.23 and 7.24 compare the shear thinning profiles of w(s) and v(s) with those for
shear thickening. Note that, in Figure 7.23, the shear thinning fluid travels faster than the
shear thickening fluid, where the only difference is the choice of n in the model. However
in Figure 7.24 the shear thickening fluid travels faster than the shear thinning fluid, again
only the value of n differs. However, the yield stress for these two Figures is different, being
τ0 = 0.41 in Figure 7.23 and τ0 = 0.1 in Figure 7.24.
The stress versus rate of shearing relationship for these two flows is plotted in Figure
7.25. The stress required to start the fluid in motion, for the two fluids in Figure 7.23 is
the same. From Figure 7.25, it is apparent that for any given stress, the rate of shearing
is greater for the shear thinning fluid than for the shear thickening fluid. Now, the rate of
shearing is dominated by the v′(s) component since v(s) is an order of magnitude larger than
w(s). Looking at the v(s) plot for the floating core it is clear that the velocity is zero at both
cylinder boundaries and increases on moving into the intercylindrical gap. It is the rate of
shearing which indicates how rapidly this velocity increases. From this it can be concluded
that the velocity v(s) for the shear thinning fluid should increase more rapidly than that of
the shear thickening fluid, which is what is seen in Figure 7.23.
In Figure 7.24, however, the exact opposite appears to be the case. From the stress versus
rate of shearing plots, Figure 7.26, for these two fluids, a different behaviour is apparent, at
least in the region between κ = 0 and the value of κ where the curves cross. In that region,
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for any given shear stress the rate of shearing is greater for the shear thickening fluid than
for the shear thinning fluid. Using the same reasoning it can be argued that v(s) should
increase less rapidly for the shear thinning fluid on moving away from the boundaries. Again
this behaviour is displayed in Figure 7.24.
This begs the question: under what circumstance will the stress versus rate of shearing
curve be like Figure 7.25 and when will it be like Figure 7.26?
To answer this, it should first be noted that the stress as a function of the rate of shearing
for the Robertson–Stiff model, given by equation (7.57), depends only on the yield stress τ0
and the parameter n. As noted before Figures 7.25 and 7.26 correspond to different τ0 values.
Now τ ′′(κ) = n (n− 1)
(
κ+ τ
1
n
0
)n−2
, so the function is convex up for n > 1 and convex down
for n < 1, for any τ0 value, confirming the shear thickening or thinning property of the fluid
for different n values.
From Figures 7.25 and 7.26 it appears that τ ′(0), the initial slope of τ(κ), for the shear
thinning and thickening fluids determines which of the two behaviours will arise. Following
this idea, it can be asked: for what values of τ0 will the initial slope of τ(κ) be bigger for a
shear thickening fluid than it is for a shear thinning fluid? To answer this, choose a shear
thickening fluid, with n1 > 1 and a shear thinning fluid, with n2 < 1. Denote the initial
slope of the n > 1 fluid by τ ′1(0) and the initial slope of the n < 1 fluid by τ ′2(0). Requiring
τ ′1(0) > τ ′2(0), will get a figure similar to Figure 7.25. It is a simple matter to show that
τ ′1(0) > τ ′2(0) will only be true when τ0 >
(
n2
n1
) n1n2
n1−n2 . In a similar manner τ ′1(0) < τ ′2(0)
when τ0 <
(
n2
n1
) n1n2
n1−n2 , giving plots of the sort seen in Figure 7.26.
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Figure 7.1: The variation of the freeze boundary for a range of small a values, where τ0 =
0.6872, si = 0.1221 and so = 1.8779.
Figure 7.2: The variation of the angular velocity ω, using the first two terms of (7.47), for a
range of a values, where τ0 = 0.6872, si = 0.1221 and so = 1.8779.
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Figure 7.3: The variation of the axial flow rate q, using the first two terms of (7.48), for a
range of a values, where τ0 = 0.6872, si = 0.1221 and so = 1.8779.
Figure 7.4: The analytical approximate solution (solid line) for the annular (left) and axial
(right) velocity components are compared with the numerical solution (dots). The values
τ0 = 0.6872, si = 0.1221, so = 1.8779, a = 0.0517 and n = 0.4 have been used.
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Figure 7.5: The analytical approximate solution (solid line) for the annular (left) and axial
(right) velocity components are compared with the numerical solution (dots). The values
τ0 = 0.6872, si = 0.1221, so = 1.8779, a = 0.0517 and n = 1.6 have been used.
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Figure 7.6: The analytical approximate solution (solid line) for the annular (left) and axial
(right) velocity components are compared with the numerical solution (dots). The values
τ0 = 0.6872, si = 0.1221, so = 1.8779, a = 0.0517 and n = 1 have been used.
Figure 7.7: The analytical approximate solution (solid line) for the viscosity (left) and shear
stress (right) profile for the attached core problem (small a) is compared with the numerical
solution (dots). The values τ0 = 0.6872, si = 0.1221, so = 1.8779, a = 0.0517 and n = 0.4
have been used.
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Figure 7.8: The approximate analytical solution (solid line) for the dimensionless viscosity
(left) and shear stress (right) profile for the attached core problem (small a) is compared with
the numerical solution (dots). The values τ0 = 0.6872, si = 0.1221, so = 1.8779, a = 0.0517
and n = 1.6 have been used.
Figure 7.9: The analytical approximate solution (solid line) for the viscosity (left) and shear
stress (right) profile for the attached core problem (small a) is compared with the numerical
solution (dots). The values τ0 = 0.6872, si = 0.1221, so = 1.8779, a = 0.0517 and n = 1 have
been chosen.
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Figure 7.10: The analytical approximation for τ(κ) (solid line) together with the numeri-
cal solution (dots) for attached core problem (small a). The plots used τ0 = 0.6872, si =
0.1221, so = 1.8779, a = 0.0517 and n = 0.4.
Figure 7.11: The analytical approximation for τ(κ) (solid line) together with the numeri-
cal solution (dots) for attached core problem (small a). The plots used τ0 = 0.6872, si =
0.1221, so = 1.8779, a = 0.0517 and n = 1.
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Figure 7.12: The analytical approximation for τ(κ) (solid line) together with the numeri-
cal solution (dots) for attached core problem (small a). The plots used τ0 = 0.6872, si =
0.1221, so = 1.8779, a = 0.0517 and n = 1.6.
Figure 7.13: The variation of the flow parameters σ, s¯i and s¯o for a range of small m values,
where τ0 = 0.2274, si = 0.7368 and so = 1.2632.
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Figure 7.14: The analytical approximate solution (solid line) for the annular (left) and axial
(right) velocity is compared with the numerical solution (dots). The values τ0 = 0.2274, si =
0.7368, so = 1.2632, m = 0.0135 and n = 0.5 have been used.
Figure 7.15: The analytical approximate solution (solid line) for the annular (left) and axial
(right) velocity is compared with the numerical solution (dots). The values τ0 = 0.2274, si =
0.7368, so = 1.2632, m = 0.0135 and n = 2 have been used.
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Figure 7.16: The analytical approximate solution (solid line) for the annular (left) and axial
(right) velocity is compared with the numerical solution (dots). The values τ0 = 0.2274, si =
0.7368, so = 1.2632, m = 0.0135 and n = 1 have been used.
Figure 7.17: The approximate analytical solution (solid line) the viscosity (left) and shear
stress (right) profile for the floating core problem (small m) are compared with the numerical
solution (dots). The two freeze boundaries The values τ0 = 0.2274, si = 0.7368, so = 1.2632,
m = 0.0135 and n = 0.5 have been chosen.
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Figure 7.18: The approximate analytical solution (solid line) the viscosity (left) and shear
stress (right) profile for the floating core problem (small m) are compared with the numerical
solution (dots). The values τ0 = 0.2274, si = 0.7368, so = 1.2632, m = 0.0135 and n = 2
have been chosen.
Figure 7.19: The approximate analytical solution (solid line) the viscosity (left) and shear
stress (right) profile for the floating core problem (small m) are compared with the numerical
solution (dots). The values τ0 = 0.2274, si = 0.7368, so = 1.2632, m = 0.0135 and n = 1
have been chosen.
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Figure 7.20: The variation of the floating core velocity as m increases. The expansion
vi(s¯i) ∼ vi0(s¯i0)+m2vi2(s¯i0)+. . . is used and the values τ0 = 0.2274, si = 0.7368, so = 1.2632
and n = 2 have been used.
Figure 7.21: The variation of the flow rate q, using the first two terms of (7.128), as m and
τ0 increase. The values si = 0.7368, so = 1.2632 and n = 2 have been used.
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Figure 7.22: The variation of the angular velocity, ω, using the first two terms of (7.127), as
m varies. The values si = 0.7368, so = 1.2632 and n = 2 have been used.
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Figure 7.23: The annular (left) and axial (right) flow profiles of the shear thinning fluid is
compared with that of shear thickening when m is small. The values τ0 = 0.41, si = 0.7368
and so = 1.2632 have been used. The flow index n for the shear thinning and thickening are
n = 0.5 and n = 2, respectively.
Figure 7.24: The annular (left) and axial (right) flow profiles of the shear thinning fluid is
compared with that of shear thickening when m is small. The values τ0 = 0.1, si = 0.7368
and so = 1.2632 have been used. The flow index n for the shear thinning and thickening are
n = 0.5 and n = 2, respectively.
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Figure 7.25: The shear stress versus rate of shearing when τ0 = 0.41. The flow index n for
the shear thinning and thickening are n = 0.5 and n = 2, respectively.
Figure 7.26: The shear stress versus rate of shearing when τ0 = 0.1. The flow index n for
the shear thinning and thickening are n = 0.5 and n = 2, respectively.
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|Numeric−Analytic|
a = 0.0517 a = 0.138 a = 0.302
n = 0.4
σ 0.33× 10−6 0.24× 10−5 0.13× 10−2
s¯ 0.21× 10−6 0.12× 10−2 0.50× 10−1
ω 0.37× 10−5 0.25× 10−2 0.10× 10−1
n = 1
σ 0.22× 10−5 0.15× 10−2 0.10× 10−1
s¯ 0.14× 10−6 0.77× 10−5 0.27× 10−1
ω 0.90× 10−6 0.68× 10−5 0.42× 10−2
n = 1.6
σ 0.49× 10−5 0.37× 10−2 0.20× 10−1
s¯ 0.12× 10−6 0.62× 10−5 0.20× 10−1
ω 0.11× 10−6 0.80× 10−5 0.43× 10−2
Table 7.1: The absolute value of the difference between the numerical and analytical solution
for the flow parameters of Robertson–Stiff fluid with attached core as a varies.
|Numeric−Analytic|
m = 0.0135 m = 0.0405 m = 0.0945
n = 0.5
σ 0.23× 10−6 0.21× 10−5 0.12× 10−2
s¯i 0.26× 10−6 0.22× 10−5 0.17× 10−2
s¯o 0.27× 10−7 0.36× 10−6 0.55× 10−5
ω 0.20× 10−8 0.57× 10−7 0.94× 10−6
n = 1
σ 0.19× 10−6 0.17× 10−5 0.10× 10−2
s¯i 0.48× 10−7 0.67× 10−6 0.15× 10−5
s¯o 0.17× 10−6 0.61× 10−5 0.71× 10−4
ω 0.51× 10−9 0.15× 10−7 0.25× 10−5
n = 2
σ 0.25× 10−6 0.23× 10−5 0.14× 10−2
s¯i 0.25× 10−6 0.24× 10−5 0.18× 10−2
s¯o 0.15× 10−7 0.39× 10−6 0.26× 10−5
ω 0.18× 10−8 0.52× 10−7 0.81× 10−6
Table 7.2: The absolute value of the difference between the numerical and analytical solution
for the flow parameters of Robertson–Stiff fluid with floating core as m varies.
186
Chapter 8
Conclusion and further research
8.1 Conclusion
The main aim of this thesis has been to investigate the helical flow of generalized Newtonian
yield stress fluids between two infinitely long concentric coaxial cylinders. Two helical flow
problems were considered, namely helical flow with a core attached to the outer cylinder
and helical flow with floating core, detached from both cylinders. For the helical flow with
attached core, it is assumed that an enough stress, arising from applying a torque per unit
length to the inner cylinder, is applied to produce a yield region next to the inner cylinder
and a unyielded region attached to the outer cylinder. To this, a small axial flow, driven
by a small pressure gradient, is also applied, producing a helical flow. For the helical flow
with floating core, it is assumed that the application of an axial stress, induced by the
axial pressure gradient, is sufficient to make the fluid flow next to both the inner and outer
cylinders resulting in a detached floating core. Superimposing a small annular flow, arising
from a small rotation of the inner cylinder, produces a helical flow with a rotating floating
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core.
Three yield stress fluid models, namely the Bingham, Casson and Robertson–Stiff fluid
models, were considered within each of these two scenarios. For each of these fluid models,
the flow problem for each of the two types of the helical flow described above cannot be
solved analytically. However, this thesis presents two nondimensional forms of the equations
of motion, corresponding to the two helical flow problems; and, in each case, identifies a small
dimensionless parameter and finds approximate analytical solutions using the perturbation
method. Further, in order to validate these solutions, numerical solutions are also obtained
and compared with these analytical approximations. This comparison reveals very good
agreement between the analytical and numerical approximations. Note that only the first
two terms of the perturbation expansions are obtained in this thesis. The leading order term
represents the unidirectional flow existing in the gap, while the higher order term represents
the transition to helical flow. Although these expansions can be extended to higher terms,
the first two terms show very good accuracy when compared with the numerical solutions.
So, it is important to note that the generality of the analytical approximations allow an
understanding of the behaviour of the fluid flow under general circumstances, which is not
provided when the numerical method is used to obtain solutions.
The analytical approximate solutions of Chapters 5, 6 and 7, being expressed in general
form, allow investigation of general forms of the fluid flow properties. Thus, approximations
to the viscosity and shear stress may be obtained in each case. Moreover, variation of the
solid regions as the small parameters vary has been investigated in both cases. It is seen that
the solid region is reduced as the small parameters are increased on transition to the helical
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flow, as would be expected on physical grounds.
To the author’s knowledge, no analytical approximations, for these model fluids, under
the conditions studied here have been presented elsewhere.
8.2 Further research
The research carried out in this thesis could be extended in a number of ways. For example,
an analysis of the helical flows caused by the rotation and translation of the inner cylinder
could be carried out. However, there are several questions that should be investigated. What
happens to the translation velocity during the transition to helical flow? Does the velocity
increase or decrease? Also, what is the situation for the solid region? Does it change location
due to the effect of the translation? And would this reduce the width of the solid region?
Note that the analytical approximate solutions could be obtained in both cases of the helical
flow and hence answered these questions.
This thesis considers the two cases of an attached and floating solid core, produced by a
predominance of stress arising from rotation or axial pressure, respectively. But what happens
in the situation where the two stress contributions are equally balanced? In particular, what
happens to the attached core as the axial flow increases? Does it recede to the outer cylinder
or does it become detached before this occurs? Similarly, what happens to the floating core
as the stress due to rotation is increased? Does it force the floating core to attached itself
to the outer cylinder or does it yield completely before this occurs? These questions would
have of course to be studied numerically.
In addition, the scope of this research may be extended further. For instance, considering
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the pressure gradient varying with time extends the attached core problem to a time depen-
dent problem. Thus, what happens to the solid region after a certain amount of time? Does
it start to minimize? Does it change its location? Can this case be evaluated using the ho-
motopy perturbation method, together with the perturbation approach, since this technique
does not require a small parameter in the problem? Analogous questions can be directed at
the floating core problem when the torque per unit length varies with time.
In conclusion, there are many other physical cases needing to be studied in order to
extend our knowledge of the behaviour of the helical flow of yield stress fluids.
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